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PREFACE 

BY THE TBAN^ATOR. 



Fourteen years have now elapsed, since an anony- 
mous critic, in a periodical publication of great celebrity, 
had the boldness to charge the piembers of the Uni- 
versity of Cambridge, ^not only*with an ignorance of 
the mathematical works of an Hhlstrious foreigner, but 
with an incapacity to read and understand them, with 
any tolerable facility. And so general are the terms 
in which this censure is conveyed, that the writer does 
not except from it more than two or three of the most 
learned amongst us. Now, to any one who has been 
really acquainted with the University for the last twenty 
years, it is needless to point out the falshood of such 
an imputation. If, however, it had been asserted, that 
few attempts had then been made by us, to smooth 
the way of the student to a full comprehension of the 
abstruser parts of the Mechanique Celeste, it had been 
nearer to the truth. And, although much has since 
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been -donCj and ably done, by some of our most emi- 
nent ^matheipaticians, to remove that degree of blame, 
there 'is still, undoubtedly, room for further exertions 
of the same kind. 

i , , • To the translator of the* following work, a short 

treatise on Analytical Mechanics, has long appeared 
* to be »^anting; as a supplement to the books which are 
Commonly read at this place, and as a key to a certain 
set of problems, which are very frequently proposed 
at our public Examinations. l:j^ had, therefore, made 
some collections, which might serve for an essay toward 
■supplying that deficiency. But when the Mechanics 
of Venturoli fell in his way, he found the first part of ' 
the book so well adapted to the purpose, which he had in 
view, as to determine him to confine his labours to the 
mere office of translating and recommending it. The 
Italian author has, he thinks, shewn much good judg- 
ment in the management of his notation, in the selec- 
tion, in the partition, and in the arrangement of his 
materials, as well as in the limits which he has given to 
them, with respect to quantity ; and he is, in general, 
sufficiently happy in the clearness of his demonstrations. 
These, it will readily be allowed, are not the least con- 
siderable merits, in an elementary mathematical work. It 
would, indeed, have occasioned very little additional trou- 
ble to the translator, to have rendered the book still 
plainer than it is, by notes and illustrations. And, the 
author himself, after remarking that it is not easy to hold 
the just mean, between an excess of prolixity, and an 
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excess of conciseness ; and after doubting whether, in this 
particular, it be possible to satisfy the wants and the 
wishes of all readers, confesses thdt he has loaned rather 
toward the side of conciseness. But he assigns' as his* ., 
reason for so doing, tha^ in such a, book as this, some- 
thing ought to be left to the ingenuity and the'diligeridtf 
of the student. Fully agreeing with him in this.opinion,' 
the translator has wholly abstained from the business 
of annotation. All that he hai* added to the orig-inal. 
is a small selection'of problems in Mechanics, intended 
for the exercise of the learner, and taken chiefly frotn 
the works of the earlier Avriters on that'subject : and, 
for so doing, he might jdead the authority of New- 
ton himself, who has remarked, in scientiis ediscendis, 
proaunt exempla magia quam preecepta. 

It only remains to apprize the English reader, that 
the following pages contain the first and the second 
book of the Mechanics of Venturoli. He treats of 
Mechanics, first, as a speculative, and then as a prac- 
tical science. Taking up the notion of body, where 
Geometry leaves it, as that which has extension and 
figure, he further supposes it endued with the qualities 
of impenetrability, mobility, and inertia : he supposes 
it, also, to be acted upon by moving forces according 
to certain laws. This constitutes the first great divi- 
sion of his Work ; and it will be found to comprise, in 
a short compass, the whole theory of Mechanics, which 
is thus reduced to a branch of pure mathematics. He 
next proceeds to shew, by an appeal to observation and 
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experiment, that the sqpposed qualities and laws, which 
he had previously attributed to bodies, and to moving 
forces/ are those which, really obtain, in the physical 
world that surrounds us. And, lastly, he enters upon 
an application, of the mechanical principles, thus esta- 
blished, to researches relative to the equilibrium of 
etructures and machines, the object of which, is pracj 
tical utility. 

But, however scientific this method may appear to 
be, yet considered as a method of teaching Mechanics, 
it seems liable to the objection, that the easiest and the 
most interesting parts of the subject, are those which it 
*last presents to the attention of the learner. As, there- 
fore, the substance of the greater portion of the last 
part of the work of Venturoli is sufficiently well taught 
in the books that are commonly in use amongst us, and 
as the first part is complete in itself, and is precisely 
that which appears to be wanted in the course of studies 
now pursued in the University, the translator has thought 
it best, for the present at least, to confine himself to 
the Theory of Equilibrium and of Motion. 

Of the three general principles of Statics, namely, 
that of the composition of forces, that of the equilibrium 
of the lever, and that of virtual velocities, Venturoli 
has judiciously chosen the first, for the basis of his 
system. But of this he has given no other demonstra- 
tion, but that which may be seen in Newton's Principia, 
and which must be understood to rest ultimately upon 
experiment. .This is undoubtedly an omission. The 


Digitized by GoOglc 


PREFACE. 


Vll 


fundamental proposition, however, concerning the pa- 
rallelogram of forces, has been proved, independently 
of all but self-evident principles, both by Poisson and 
by Duchayla f and their demonstrations of it are too 
well known to stand in need of repetition in this 
book. 

I'rinittf College, Cambridge, 

June 1 , 1823 . 
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Book. I. 

ON EQUILIBRIUM. 

— 0 — 

CHAP. 1. 

PREU.Ml\AKY DEFINITIONS. 

1. ^Iechanjcs is the science of Equilibrium and of 
Motion. 

That part of it, which relates to Equilibrium, is properly 
called Statics ; that, which relates to Motion, is usually, although 
with less propriety, called Di/namics. 

2. Motion is the passage from place to place ; Rest is a 
permanency in the same place. 

3. There is no motion without a deteriftinate velocity and 
direction. Velocity is the ratio of the space, past over by 
whatever moves, to the time in which it is past over : it being 
here to be understood, that the comparison is not between the 
concrete quantities themselves, but between the numbers which 
represent them ; that is, the ratios of each to its unity. 
Direction is the straight line past over by the moving body 
at any instant. 

4. If the velocity is constant, the motion is said to be 
uniform or equable ; if it changes, it is said to be variable. 

And if the direction is constant, the motion is rectilinear; if 
it changes continually, it is curvilinear, 

5. Motion and equilibrium are both of them properties of 
matter. By matter we further understand a substance endued 
with impenetrability and with inertia. 

‘ A 
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6. Impenetrability is that property by which different ele- 
mentary particles of matter cannot, at the same time, occupy 
the same pla<^. 

7 . Inertia is that property by which every elementary particle 
of matter, left to itself, preserves the state impressed upon it, 
whether it be of rest, or of uniform and rectilinear motion. 

8. A Body is the aggregate of more elementary particles of 
matter than one, separated only by exceedingly small intervals. 

The sum of the elementary particles, which constitute a body, 
is its Mass : 

The intervals, which separate them, are called Pores : 

The space occupied by the mass, and by the pores, is the 
V olume : 

The ratio of the mass to the volume is the Density of a body. 

9- Force, or Power, is the cause which impresses, or tends 
to impress, motion. Every force produces actual motion, if it 
be not counteracted by contrary forces. If it remain counter- 
acted, the motion, which it tends to produce, is called virtual. 

10. Forces cannot be known, nor measured, except by their 
effects. Now the effect of a force, applied to an element of 
matter, is to impress on it a certain velocity according to a cer- 
Uun direction. This velocity, whether it be actual or virtual, 
estimated in that direction, is assumed as the measure of the 
force. 

1 1 . Equilibrium is the state of any thing moveable acted 
upon by more forces than one, which mutually counteract each 
other. 
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ON THE COMPOSITION OF FORCES. 

12. PROPOSJTloy I. Xf several forces act upon the 
same point, or elementary particle of matter, in any directions 
whatever, there will be compounded of these forces a single 
force equivalent to them. 

For the motion, which the point will receive, or will tend to 
receive, by the simultaneous action of all the forces^ must neces- 
sarily have a determinate velocity and direction ; as if it were the 
effect of a single force. 

13. The forces acting simultaneously on any moveable point, 
are called components, in respect of that single force which is 
equivalent to them, and which is called their resultant. 

14. Proposition II. If two forces act upon a point at any 
angle, and if the parallelogram, having for sides the lines which 
represent them, be completed, its diagonal shall represent the 
resultant. 

Let the point A (Fig. 1.) be acted upon by the two forces 
AB, AC ; by the first of which, in a certain time (t) it would 
come to B describing the side A B ; and by the second it would 
come to C, describing the side AC. Then, by the siniullaiieous 
action of the two forces, it will, in the time f, come to D, 
describing AD. 

* For the force AB, being parallel to CD, cannot cause the 
moveable point cither to approach the side CD, or to recede from 
it. Wherefore, the point A, by the two forces, will arrive at 
the side CD, in the same time as it would arrive at it, by the 
single force AC, that is, in the time t. In a similar manner it 
may be proved, that the point A will arrive at the side BD in 
the time t. Therefore, at the end of the time t, the point must 
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be found as well on the side CD as on the side BD. Where- 
fore, it will be found in D, the extremity of the diagonal, and 
(Art. 12.) will have described the diagonal. Therefore, &c. 

15. Coroll, 1. The resultant of Uvo conspiring forces is 
equal to their sum ; that of two opposite forces is equal to their 
difference. 

16. Coroll. 2. In the triangle ABD, the sides AB, BD, 
AD, represent the three forces AB, AC, AD; and the sines 
of the angles BAD, BDA, ABD, arc the same as the sines of 
the angles BAD, CAD, BAC, which are the angles made by 
the directions of the forces with each other. Thus, it is evident, 
that the triangle ABD represents, in its several parts, these 
three forces and their angles, 

17- Coroll. 3. Each of the three forces AB, AC, AD, is 
proportional to the sine of the angle formed by the other two. 

18. Coroll. 4. Any two of the three forces are to one 
another in the inverse ratio of the perpendiculars let fall on 
their directions, from a point taken at pleasure in the direction of 
the third. 

19- Proposition III, If three forces meet in a point, with 
any directions that are not all in the same plane, and if the paral- 
lelepiped, having for sides the lines which represent them, be 
completed, its diagonal shall represent the resultant. 

' Let AM, AN, AO (Fig. 2.) be the three forces. The 
parallelepiped OM being completed, let there be drawn the 
diagonal AX, and the stiaight lines AY, OX. 

The sides AO, XY being equal and parallel, so likewise will 
be AY, OX ; and AOXY will be a parallelogram having for its 
diagonal AX. Now (14.) AY will be the resultant of the two 
forces A 3/, 'AN; and AX will be the resultant of the two 
AY and AO, that is, of the three AM, AN, AO. 

20. Coroll. In general, if more forces than one meet in a 
point, it is easy to assign the value and the position of the . 
resultant. 

For, describe a parallelogram, with sides which represent the 
first two forces, and its diagonal will be tlie resultant of the first 
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two. Describe a new parallelogram, with this diagonal, and with 
the line, which expresses the third force, for its sides, and the new 
diagonal will be the resultant of the first three. Proceeding in ' 
this manner, the last diagonal will be the resultant of all the 
forces. 

Or, describe a polygon, the sides of which, beginning from 
the point where the forces are applied, are successively equal and 
parallel to each of the forces, and taken in the same direction 
with each. Join the extremities of the first and last side of the 
polygon ; and the straight line which thus shuts in the polygon 
shall be the resultant. 

But if the forces and their directions are given in numbers, 
and if the resultant is to be similarly determined, the problem 
is solved by Trigonometry, as may be collected from what is said 
in Art. I6 ; by solving as many triangles, minus one, as there are 
forces. 

21. Proposition IV. A given force may be resolved into 
two equivalent to it. 

For, representing the given force by a straight line; and 
describing about it, as a diagonal, a parallelogram, the sides of 
the parallelogram will (14.) express two forces equivalent to it. 
The problem is, therefore, manifestly (Art. l6.) indeterminate ; 
unless there be further given, either the values of the two com- 
ponent forces, or their directions ; or, lastly, the value of one, and 
the direction either of that one, or of the other force. 

23. The composition and resolution of forces are of continual 
use in Mechanics. It is, therefore, well to become familiar 
with the formulas, which express the relations between the re- 
sultant and the components, in the cases of most frequent 
occurrence. These formulas are all of them deduced from analy- 
tical Trigonometry ; because the composition of forces and their 
resolution, under given conditions, are (l6.) reducible to the 
solution of a triangle. They are investigated in the following 
Chapter. 
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CHAP III. 


FORMULAS WHICH F.XPRESS THE RESULTANT, WHEN THE 
COMPONENTS ARE GIVEN, AND CONVERSELY. 

24. Proposition /. If two forces P and Q meet in a 
point, at an angle 9, to find the resultant S, and the angles a, /3, 
which it makes with the components P, Q. 

S= V(P‘ + 2P.Q.COS. 0 + Q*): 

Q . P . 

sin. a = — sin. B ; sin. /3 = — sin. 0. 

25. Coroll. 1. If the two forces P and Q be equal, 

a = /3 = -j0; S — 2 P COS. a. 

26. Coroll, 2. If the two forces P and Q meet at right angles, 

s= i/(P* + Q“); 

a ^ ^ 

sin. o = cos. fi =z — ; sin. p = cos. a = — . 

O 

27. Coroll. 3. If three forces P, Q, R, meet in a point at 
right angles, the resultant S, and the angles a, ft, y, which it 
makes with the three forces, will be determined as follows : 

S = -V/(P*+ Q' + P*); 

P ^ Q R 

cos. a = - ; cos. /i = - ; cos. y = — : 

000 

And hence, it manifestly follows, that 

cos.® a + cos.® ft + cos.® »y = 1 . 

It is indeed known, from Geometry, that if a straight line 
make with three rectangular axes the three angles a, ft, y, the 
sum of the squares of their cosines is always equal to unity. 

28. Proposition II. A force 5 being given, which makes 
with two axes, perpendicular to each other, and in the same plane 
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with it, the angles a, (3, to resolve it into two P, Q, respectively 
parallel to the axes. 

We shall have (26.) P=S. cos. a ; Q = S. cos. ft; or, since 
cos. ft = sin. a, P = S . cos. a; Q = S . sin. a. 

29 . Coroll. In like manner, if the force S make with three 
rectangular axes the angles a, ft, y, and if it is to be resolved 
into three P, Q, R, parallel to the three axes, we shall have, 

P = S . cos. a : Q = S , cos. ft; R = S . cos. y. 

30. Proposition III. If the forces meet in 

a point, and if the directions of these forces, referred to three rect- 
angular axes, called the axes of x, of y, and of 2 , make with them 

respectively the angles a, ft!, y ; a", /S'', y" ; a", ft!", y" ; 

to find the resultant S, and the angles a, ft, y, which it makes 
with the three axes. 

Resolve (29.) each of the given forces into three, parallel to 
the three axes, and calling P the sum of those parallel to the 
axis of X, Q the sum of those parallel to that of y, R the sum 
of those parallel to that of z, we shall have, (15.) 

rP = S' cos. o' + S" cos. a" -f- S'" cos. a" 

j 1 I Q = S' cos. ft! -b S" cos. ft!' -f S'" cos. ft!" 

v-R = S' cos. y S" cos. y" S"' cos. y" 

Then compounding (27.) the three forces P, Q, R, there 
results 

S= v'(P* + Q‘ + R^) 

P Q _R 

cos. « = y ; cos. P = ; cos. y — — . 

3 1 . Coroll. 1 . Here, also, in every set of three of the angles 
a’, ft', y ; o", ftT, y " ; a", ft!", y" ; 8 cc. the following equa* 
tioiis must (27.) obtain ; viz. 

cos.^ o' -b cos.’* ftl + cos.'^ y — 1 , 
cos. a -J- cos. ft cos. y = \, 


cos."* o -b cos.* ft -H cos.'y = 1. 
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33 . Coroll. 2 . If the forces meeting in a point be two only, 
S', S", if the angle which they make with one another be 6, and 
if S be their resultant, we shall have, (24.) 

S' = S'' + 2S'S"cos.0 + S"% 

Also (30.) S* = P* + Q" + iZ“ = (S’ cos. a + S" cos. a"f + 
+ (S' cos. /S' + S"cos. /3")' + (S' cos. 7 ' + S" coa.y'f ; 
whence, by expanding and reducing, since cos.* a + cos.'/J* + 
cos.* y = 1, &c., there will result 
S* = S'*+S"*+ 2 S' S"(co 8 .a'cos. a"+cos./3'cos. / 3 "+cos. 7 'cos . 7 ). 
Comparing this value of S* with the preceding, we shall have 
cos. 0 = cos. a cos. a" + cos. /3' cos. /3" + cos. 7 ' cos. 7 ". 

By means of this theorem, knowing the inclination of two 
straight lines to three rectangular axes, we shall know also the 
inclination of the two straight lines to one another. 


33. Coroll. S. Conversely, let there be given the force S 
which makes the angles a, /3, 7 , with the co-ordinates x, if, z, 
and let it be required to resolve it into several forces. 

First, resolve it (29.) into three P, Q, R, parallel to the three 
axes, and these will be P = S cos. a ; Q = S cos. /3 ; R=.S cos. 7 : 
each of which three forces may then be resolved into any number 
of forces. S', S", S'" by means (30.) of the equations (A). 


34. Proposition IV. On the curve AMB (Fig. 3.), 
referred to rectangular axes, if the point M be acted upon by a 
force P, in the direction of x, and by a force Q, in the direc- 
tion of p, to substitute for these two forces, other two equivalent 
to them; the one (T) acting in the direction of the tangent MT, 
and the other (N) acting in the direction of the normal MN. 


Considering the differential triangle of the curve, of which 
the hypotenuse Mm = dz, M r = dx, mr'=^ dy, it is plain, lliat, 
resolving the force P into two, one according to MT, the other 


according to MN, the first will (28.) be P cos. PMT = 


Pdx 
dz ’ 


the second P sin. PMT = 


Pdtf 

~dt' 


And similarly resolving the 
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force Q into two, the one according to MT, the other according 

to MN produced, the first, Q cos. QMT = , the second, 

dz 


Q sin. QMT — 


Qdx 

~d7 


Now the two component tangential forces conspire, and the 
two component normal forces oppose each other. Where- 
fore (15.), 


P dx + Qdy Pdy— Qdx 

dz 5 dz 


If either of the forces P, Q, act in a direction opposite to the 
respective co-ordinates x, y, it must be taken negatively. 

35. Cordll. Conversely, the two forces T, N, being given, 
the one acting according to the tangent MT, the other according 
to the normal MN, there may be substituted for them two other 
forces P, Q, acting in the direction of x, and of y. And 

_ Tdx -h Ndy 2'di/ — Ndx 

A ~ ; y *— ~ • 

dz dz 

The formula supposes that the directions of the forces T, N, 
make an acute angle with x taken positively. If either of these 
forces have a contrary direction, it must be considered as negative. 


B 
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CHAP. IV. 


ON THE COMPOSITION OF PARALLEL FORCES. 

36 . Proposition. If two parallel forces AP, BQ, 
(Fig. 4.) acting in the same direction, be applied to two points 
A, B, connected by an unalterable straight line AB, the re- 
sultant is parallel to the component forces, is equal to their 
sum, and divides AB into parts reciprocally proportional to the 
forces themselves. 

Suppose two equal and opposite forces AM, BN, of any 
magnitude, to be applied to the points A, B, in the direction of 
AB produced ; and, the parallelograms MP, NQ, having been 
completed, draw the diagonals AX, BY. Since the two addi- 
tional forces AM, BN, mutually counteract each other, the 
resultant of the two forces AP, BQ, is the same as that of the 
four forces AP, AM, BQ, BN ; or of the two A A, BY. Produce, 
therefore, XA, YB, until they meet in S ; suppose the two 
forces AX, BY, to be transferred to 5, and each of them to be 
resolved into two, the one according to KL, parallel to AB, 
the other according to SG, parallel to the forces AP, BQ. 
From this decomposition there will result (15.) according to KL, 
a 'force = AM — BN — 0 : and according to SG a force 
= AP + BQ. Wherefore, the resultant of the two forces 
AP, BQ, is parallel to them, and is equal to their sum. 

Further, AP : PX :: SG : AG ; 

and QF : BQ :: GB .SG -, 

also PX = QY-, 

. . AP : BQ BG : AG. 

37 . Coroll. 1. If the two forces AP, BQ, (Fig. 5.) act in 
directions opposite the one to the other, the resultant will be 
equal to their difference, it will act in the direction of the greater 
force, and the point G will no longer fall within the distance 
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AB between the two forces, but without it and on the side of 
the prevailing force ; also, in this case, AP : BQ :: BG : AG. 

38. Coroll. 2. Ldt there be a system of points A, B, C, D, 
(Fig. 6.) invariably connected with each other, and acted upon by 
the parallel forces P, Q, i2, S' ; and let it be required to find 
their resultant. Join A, B, and divide AB in E in the inverse 
ratio of the forces P, Q. The resultant of the forces P, Q, 
will pass through E, and will be parallel to them and equal to 
P + Q. Similarly let EC, when drawn, be divided in F in the 
inverse ratio of the forces P + Q and R. The resultant of the 
three forces P, Q, R, will pass through P, and will be parallel 
to them and equal to F Q R. Lastly, FD having been 
drawn, let it be divided in G, in the inverse ratio of the forces 
P+ Q+^ and S. The resultant of the four forces P, Q, R, S, 
will pass through G, in the direction GX parallel to them, and 
will be equal to their sum. We may proceed in a similar 
manner for any number of forces. 

If any one of the forces act in a direction opposite to that of 
the rest, it is necessary to operate as is indicated in Art. 37. 
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CHAP. V. 


ON THE RESOLUTION OF A FORCE INTO OTHERS 
parallel TO IT. 

39 . As of more parallel forces than one, one is com- 
pounded, so, by an inverse operation, a single given force may 
be resolved into more forces than one, parallel and equivalent to 
it. Where there is given only the number of the forces into 
which the proposed .force is to be decompounded, the resolution 
may be made in an inhiiitc number of ways, and the problem 
js indeterminate. It is rendered, however, determinate, by 
adding other conditions : of which the following problems will 
give an example. 

40. Proposition J. 'I'o resolve the force .S’, applied to 
the point G (Fig. 4.) into two forces P, (2, parallel and equiva- 
lent to it, applied to the given points A, B, of the straight 
line AGB. 

We shall have, by 'Art. 36, 

S ■. P ■. Q :: AH : BG : AG. 

41. Coroll. If the point G lie between the two points A, B, 
the two forces P, Q, will act in the same direction as the given 
force S, which will be equal to their sum ; but if both A and B 
lie on the same side of G (Fig. 5.) the force P applied to the 
nearer point A, will conspire with the force S, that is, will act 
in the same direction, and the other force Q will act in a con- 
trary direebon ; and the force S will be equal to the difference of 
the two P, Q. 

42. Proposition II. To resolve the force 6', applied to the 
point G (Fig. 7.) into three forces P, Q, R, parallel and equiva- 
lent (o it, applied to the three given points A, B, C. 
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Join the given points; whence there results the triangle ABC, 
which, by the straight lines GA, GB, GC, is divided into the 
triangles AGB, AGC, BGC. Then, 

S : P : Q .R :: ABC : BGC : AGC : AGB. 

For produce AG to meet BC in E, and resolve (40.) the force S 
into two, P, X, equivalent and parallel to it, applied to the 
points A, E, and the force X, into two, Q, R, applied to the 
points B, C. Wherefore (40.), * 

S : P : X :: AE : GE : GA ; 

X :Q: R :: BC : CE : BE ; 

. . S : P : Q : R :: AE.BC : GE.BC : GA.CE : GA.BE. 

But the four products AE . BC, GE.BC, GA.CE, GA.BE 
are proportional to the four triangles ABC, BGC, AGC, AGB; 
because each of these triangles is represented by the correspond- 
ing product multiplied by the half of the sine of the angle 
AEB; wherefore 

S : P : Qi R :: ABC : BGC : AGC : AGB. 

43. Coroll. If the point G fall without the triangle ABC, 
the three forces P, Q, R, will not all act in the same direction as 
tlie force S. Let the point G fall out of the triangle, but within 
the angle ABC ; the forces acting at B, C, will conspire with S, 
and the force acting at A will be opposed to it. The contrary 
will happen if the point G fall within the angle which is the 
vertical angle to il. 

44. ScHOLiu.M. If the three points A, B, C, lie in the same 
straight line, the problem is indeterminate; and the same thing 
happens if the given points be more than three: which ^e shall 
soon (57.) demonstrate. 
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CHAP. VI. 


ON THF. CENTRE OF PARALLEL FORCES. 

45. Proposition I. In every system of points, of 
invariable form, acted upon by parallel forces, there is a certain 
point, called the centre of parallel forces, through which the 
resultant of the forces passes, whatever be the position of the 
system. 

Let A, B, C, D (Fig. 6.) be a system of points acted upon 
by the parallel forces P, Q, R, S. Find (38.) the point G, 
through which the resultant GX passes. Then, however, the 
position of the system is altered, provided that the forces pre- 
serve their values, and remain parallel, the resultant will always 
still pass through the point G of the system. For, however 
the system revolve or incline, the point E will always cut A B 
in the inverse ratio of the forces P, Q; and the point F will 
always cut EC in the inverse ratio of P + Q lo R-, and the 
point G will cut FD in the inverse ratio o( P + Q + R io S: 
whence (38.) the resultant will pass always through G. 

46. Coroll. 1. Wherefore, the sum of all the forces may be 
understood to be concentered and collected in the centre of 
parallel forces ; every system of parallel forces being thus 
reduced to a single point acted upon by one force only : and if 
this point be supported, the system remains in equilibrium in 
any position. 

47 . Coroll. 2. There are more methods than one of proceed- 
ing to find the centre of parallel forces. The first consists in 
the construction explained in Art. 38. The others consist in 
determining its position analytically, either with respect to three 
rectangular planes, or with respect to three given points ; as will 
be shewn in the two following propositions. 
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48. Proposition II. Any number of parallel forces, and 
the co-ordinates of their points of application being given, to 
determine the co-ordinates of the centre of the forces. 

Let the points A, B, C....be acted upon by the parallel 
forces P, Q, R..,, ; and the system being referred to three 
rectangular axes, let x, y, z, x\ y', z', x” , y" , z",....be the 
co-ordinates of those points: then shall the co-ordinates of the 
centre of parallel forces be 

Px+Qx' + Rx" ... y_P}/+ Q.v'-PRy" . • • 

P + Q + R ’ P+ Q + R ’ 

^ Pz + Qz' + Rz" . . . 

P+Q + R 

First, let there be only two points A and B (Fig. 8.) acted 
upon by the forces P, Q, and determined by the abscissas 
OA' = X, OB^ = x' : let E be the centre of the two forces 
P, Q, and let the abscissa OE=^ correspond to it. W'herefore 
(36.) P : Q :: BE : AE :: B'E’ : A’E' ::x-^: ^ - x. 

.-. (P -f Q)^ = Px + Qx'. 

Suppose now the point E and the third point C of the system 
to be joined, which is acted upon by the force R, and has, for 
its abscissa x" : if F be the centre of the two forces P + Q and 
R, and if be its abscissa, it may be shewn, as before, that 
(P -f- Q -F -R) ^ = (P + Q ) ^ -F P ; or, substituting the 
preceding value of f , (P -f- Q -F R) — Px + Qx'' + Rx". 
Proceeding in the same manner, until we reach the centre of all 
the forces, to which the abscissa X corresponds, we shall have 

(.P + Q + R...) X = Px + Qi + Rx 

Next, referring the position of the points successively to the 
axes of and of z, we shall have, in a similar manner, 

(P + Q + R....)Y = Py+Qy'+ Ry" 

{P + Q-\- E....) Z = Pz + Pz -F Pz" 

from which equations are deduced the ' announced values of 

X, Y, Z. 
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49. ScHOLiCM. These values may be written more concisely . 
thus, 

v_ V 

^ 2.P ■ 

S. Px, Sic. denoting tlie sum of the products of each force and 
its respective abscissa, and S . P tlic sum of the forces. 

50. Coroll. 1 . If the points of the system lie all in one plane, 
and if the co-ordinates x, v, be taken on this plane, those 
denoted by : vanish, and there remain only the equations 

V - hh Y - 

S.P’ 2.P' 


And if the points of the system all of them lie in the same 
straight line, taking this line for the axis of x, y also vanishes, 


and there remains only the equation X = 


2.Px 

2.P 


5 1 . Proposition III. The distance, of the points A, ‘B, C 
.... from a point 0(Fig. 8.) and their distances from each other, 
being given, to determine the distance from O of the centre of 
the parallel forces acting at A, B, C,. . . . 

Let the distances OA =d, OB = d', 0C=d". ... ■, AB=f, 
AC=f", BC = . . . ; and let D be the distance of the centre 

of the forces from O. Then, 

_ Pd* + Qd"‘ + Rd"* . . . PQ/‘+ PRf* + QRf* 

P+Q + R... (P + Q + R...f • 

For (48.) D* = X* + y* + 2* = 
(Px+Qx'+Bx"...)*+(P3/+Qy+P/. .)*+ fPz+Qz + Iiz"..f 
(P + Q 4- P . . .)* 

But, 

(Px + Qx + Rx" . .)“ = (P + Q + R. .)(Px* -f Qx"*+ P x"‘ . . .) 

- {PQ(x'-x)* + PP (x"-r)* + QP(a''-xT...j. 
Likewise, 

( Py + ay + Ry". ..T-=(P + Q+R..) (Py* + Q.y'* + Ry "\ . .) 

- { PQ iy' - yY+PR iy" - yf + QP (y" -y'f . . . } ; 
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and 

(Pz + Qz+Rz"...f=(P+Q+R...) (Pz + Qz'^ + Rz"‘) 
- { PQ (z’ - z)* + PR {z''-zf + QR (z" - z’T . . . } . 

If now these squares he added togetlier, and if their sum be sub- 
stituted in the value of D', it is manifest, at a glance, since 
z'’ +y + &c. and (/ - xf ( y' - y’' -|- (r' - :)* = /*, &e. 

that there results the value of D' above expressed. 

52. Scholium. This value may be exhibited more concisely 
thus, 

^.PQf- 

2P (2.P)* ’ 

2. Prf* denoting the sum of all the products wliich arise from 
multiplying each force by the square of its distance from 0, and 
2.PQ/'* denoting the sum of all the products which arise from 
multiplying the products of the forces, taken two and two, by 
the squares of the distances of their several points of application. 

53. Coroll. 1. If the position of the points A, B, C....be 
thus successively referred to three different lixt points, and if, 
by means of the preceding theorem, the distances D, D\ D" of 
the centre of forces from these three pohits be found, it is clear 
that the position of the centre itself will have been fully deter- 
mined. 

If the points of the system be all in one plane, it will be 
sufficient to refer them to two fixt points : and if they be all in one 
straight line, it will be sufficient to refer them to one fixt point. 

'I'hese fixt points may be taken in the points of the system 
themselves, and then the position of the centre is determined by 
the mutual distances of the points of the system alone being 
given. 

54. The Momentum of a force, with respect to any plane, is 
a name given to the product of the force itself and the distance 
of its point of application from that plane. y\nd the plane, to 
which the momentums of all the forces of a system are referred, 
is called the Plane of Momentums. 

The same word Momentum is sometimes used in a different 
sense, of which, when it happens, notice will be given. 

C 
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53. Proposition IV. In every system of parallel forces, 
the inomeiitmii of the resultant, with respect to any plane, is 
equal to the sum of the momentuins of the components. 

For, with respect to the plane containing the axes of _y, 
which may be any plane, the momentum of the resultant 
= A X S.F; and the sum of the momentuins of the components 
= S. Px ; and (4y.) these two quantities are equal to one another. 

56 . Coroll. 1. If the plane of momentums pass through the 
centre of the parallel forces, the sum of the momentuins of the 
forces is nothing. 

57 . Coroll. i. From what has been said arc deduced the for- 
mulas, which determine the resultant of several parallel forces, 
when the components are given : and conversely. 

Let the parallel forces be P, Q, R and, a plane being 

supposed to pass across their directions, let r, y, ^\y'j j", y" • . . . 
be the co-ordinates of the points of the plane, through which the 
forces P, Q, R ... . pass. Let .9 denote the resultant, and 
X, the co-ordinates of that point of the plane through which 
it passes. We shall have the three equations. 

.9 = P -f- Q -f R 

(oO.) SX = Px+Qx' + Rt" 

.91 = Py-\-ay+Ry" 

Mere, if the components be given, and the resultant is sought, it 
is evident at once that there are as many unknown quantities ns 
there arc equations, and the problem is therefore determinate. 
But if the resultant is given, and the components are sought, the 
problem is in its nature indeterminate. 

If, however, the components are to pass through given points 
of the plane, the co-ordinates, x, y, and x , y, will be given, 
and there will remain to be determined only the components 
themselves P, Q, R. . . , It is easily seen, then, that the problem 
becomes determinate when the given points arc two ; or when 
they are three, provided that they do not lie in the same straight 
line: which proves what we have asserted at the end of the pre- 
ceding Chapter. 
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CHAP Vll 


ON THE CENTRE OF GRAVITY. 

58. H YPOTHESis. Every elementary particle of matter is 
supposed to be continually acted upon by a force, by which it is 
urged to fall, in the direction of a straight line perpendicular to 
a plane which touches the surface of stagnant water. Tliis force 
is considered as equal in all the particles of matter, and constant 
in each. Acted upon by it, they describe, whilst falling freely, 
in the first l” of their descent the space of 4.9044 metres. 

59. The force, so acting, is called Gravity; the plane which 
touches the surface of stagnant water is called an Horizontal 
Plane ; the plane perpendicular to this is called a Vertical 
Plane. 

Verticals, not far distant from one another, may be considered 
as parallels, and therefore the directions of gravity, compre- 
hended within short intervals, may be taken as parallels. 

60. The Weight, or Absolute Weight, of a hotly is the resul- 
tant of all the forces of gravity which act upon each of its elements. 
This resultant is (.'58.) equal to their sum, and therefore the weight 
is proportional (8.) to the mass. 

61. The Specific Weight, or Specific Gravity, of a body is 
the ratio of its absolute weight to its volume. Hence, the spe- 
cific gravity is proportional to (8.) the density. 

62. Let M be the mass of a body, V its volume, D its 
density, P its absolute weight, G its specific weight ; and let g 
be the force of gravity. Then, (8.) 

D= ^;(60.) P = A/g; (dl.)G = 

whence, of the five indeterminate elements M, V, D, P, G, if 
two be known, the other three will be known. 
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The equations M = — , P = GV, of which the most frequent 
S 

use is made in the solution of mechanical problems, ought more 
especially to be noted. 

63 . TTie Centre of Gravity of a body is the centre (45.) of the 
parallel forces of gravity, vvhich act upon each of its elements. 
The weight of the body may (46.) be understood to be united and 
collected in the centre of gravity. In like manner, the centre of 
gravity of a system of bodies, is the centre of the weights of the 
bodies composing the system. Every one of these weights must 
be understood to be collected in the centre of gravity of the 
respective body. 

64 . Coroll. The centre of gravity may be found experiment- 
ally, by suspending the heavy body, or any model of it, by two 
different points in it. The intersection of the verticals which 
pass through the points of suspension will be the centre of 
gravity. It may be found geometrically, by the methods laid 
down, in Arts. 38.48.51, for finding the centre of parallel 
forces. 

It is usual, also, to investigate the centre of gravity of lines 
and geometrical figures, upon the supposition that their elements 
are heavy and homogeneous. This research will form the subject 
of the three following Chapters. 
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CHAP. Vlll. 


INVESTIGATION OF THE CENTRE OF GRAVITY IN LINES, 
AND THE MORE SIMPLE FIGURES. 

65 . Proposition /. Ijines, or figures, which are sym- 
metrical about a point, an axis, a plane, have (36.) their centre 
of gravity in that point, in that axis, in that plane. 

66. Proposition II. The centre of gravity of a triangle is in 
the straight line, drawn from any angle to the bisection of the 
opposite side, at the distance of two-thirds of that line from the 
angle. 

Let ABC (Fig. 9-) he the triangle: bisect any two of its 
sides BC, AC, in D and E, and from the opposite angles A and 
B, draw the straight lines AD, BE. If the triangle be divided 
into elementary trapeziums by straight lines parallel to BC, it is 
plain that AD, which bisects each of these straight lines, will 
pass through the centres of gravity of all the elements of the 
triangle, and therefore also through the centre of gravity of 
the triangle itself. For reasons of the same kind, the straight 
line BE will also pass through the centre of gravity of the tri- 
angle. Wherefore this centre is in the intersection G of AD, 
BE. 

Again, D, E being joined, DE cuts the sides BC, AC propor- 
tionally; wherefore, it is parallel to AB, and the triangles AGB, 
DGE, are similar ; 

.-. AG : GD :: AB : DE :: BC . DC. 

But, by the construction, BC is the double of DC; therefore 

2 

AG is the double of GD, and consequently AG = - AD. 
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67 . Coroll. By ihe two preceding propositions may be found 
the centre of gravity of tlie perimeter, or of the surface, of any 
polygon ; by using the method of Art. 38, or that of Art. 48. 

6 s. Proposition HI. 'I’he centre of gravity of a triangular 
pyramid is in the straight line drawn from the vertex to the centre 
of gravity of tlie base, at the distance of three-fourths of that line 
from the vertex. 

Let V — ABC (Fig. 10 .) be the pyramid; draw AD from A 

2 

to the bisection D of JiC, and take AE = —AD; E will (06.) 

be the centre of gravity of the triangle ABC, the base of the 

2 

pyramid. Join V, D, and take VF — - VD, so that F is the 

centre of gravity of the triangular face VBC. Join V, E, and 
A, F. If now the pyramid be resolved into its constituent ele- 
ments, by planes parallel to the base ABC, it is manifest that 
VE will pass through the centres of gravity of all these elements. 
Wherefore the centre of gravity of the pyramid must lie in EE : 
for reasons of the same kind, it must fall in AF. It will there- 
fore fall in the intersection G of VE and A F. 

Again, E, F being joined, EF cuts the lines AD, FD pro- 
portionally, and is therefore parallel to EA, and Ute triangles 
AGV, FGE, are similar ; 

.-. EG : GE :: FA : FE :: AD ; DE. 

But, by the construction, AD is the triple of DE; therefore, 

FG is the triple of GE, and EG = ^ EE. 

69- Coroll. 1. The proposition is true of antf pyramid, and 
also of any cone. For if a straight line be drawn fruiii the vertex 
of any pyramid to the centre of gravity of the base, it is manifest 
that the centre of gravity of the pyramid must be found in that 
straight line, because it passes tlnough the centres of gravity of 
the elements, infinite in number, into which the pyrami I is 
involved, by planes parallel to the base. Suppose now the base 
of the pyramid to be divided into triangles, by its diagonals, and 
the pyramid itself into as many triangular pyramids, by planes 
drawn through the vertex and through the diagonals. If at a 
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distance from the vertex equal to three-fourths of the altitude of 
the solid, a plane be drawn parallel to the base, it will pass ( 68 .) 
through all the centres of gravity of the triangular pyramids ; it 
must, therefore, pass through the centre of gravity of the given 
pyramid, which will consequently be found at the distance of 
three-fourths of the straight line drawn from the vertex to the 
centre of gravity of the base. And this is true, whatever be the 
number of faces of the pyramid, and is therefore true of a pyra- 
mid with an infinite number of faces, that is, of a cone. 

70. Coroll. 2. Hence may be found the centre of gravity of 
any polyhedron; since every polyhedron may be resolved into 
pyramids. 
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CHAP. IX. 


FORMULAS FOR THE CENTRES OF GRAVITY OF LINES 
AND PLANES. 


71. Proposition I. For the centre of gravity of a 
curve line s, the co-ordinates of which are .t and y, 

X = . Y =t 


For, in general (50.) X= 


$ 

2. Pa 


Y = 


S.P.y 


2.P ’ ■ 2.P 

And here the force P is proportional to ds, the element of the arc. 

72. Coroll. 1. If the arc be symmetrical about the axis of .r, 

P Is 

the centre falls on this axis, 1=0, and the equation X — - 

suffices. 

73. Coroll. 2. If the arc have a double curvature, it will be 
proper to refer it to three axes, and 

X . Y = ; Z . 

s’ s’ s 

74. Coroll. 3. If these formulas be applied to find the centre 
of gravity of an arc of a circle, this centre is found in the radius 
which bisects the arc ; and its distance from the centre of the 
circle is a fourth proportional to the arc, its chord, and the radius. 

75. Proposition II. For the centre of gravity of a plane sur- 

The demonstration is the same as that of Art. 71, observing 
that the element of the surface =ydx: and the first of these 
two equations will suffice, if the proposed surface be symmetrical 
about the axi.s of ,r. 
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76 . Coroll. The following applications may serve for prac- 
tice. 

1. A trapazium, with parallel bases, has its centre of gravity 
in the straight line which bisects the bases. Let the two bases be 
p, q, and let a be the straight line joining their bisections. The 
distance in this line between the centre of gravity and the base p 
.a p + iq 

IS - . . 

3 p + q 

2. A segment of a circle has its centre of gravity in the radius 
which bisects it ; and its distance from the centre of the circle is 

of the cube of its chord divided by the area of the segment. 

3. A sector of a circle litts its centre of gravity in the radius 
which bisects it ; and its distance from the centre of the circle is 
a fourth proportional to the arc, its chord, and ^ of the radius. 

4. The centre of gravity of a segment of an ellipse termi- 
nated by the axis minor, and by an ordinate to the axis major, is 
the same point as the centre of gravity of the corresponding 
segment of a circle described about the ellipse. 

5. A common parabola has its centre of gravity in the axis, 
at a distance from the vertex of | of the axis. 


D 


Digitized by Google 



26 


ELEMENTS OF MECHANICS. 


CHAP. X. 


FORMULAS FOR THE CENTRES OF GRAVITY OF SURFACES, 
AND OF SOLIDS, GENERATED BY REVOLUTION. 


77- Proposition I. The centre of gravity of a surface, 
generated by the revolution of a curve, is in the axis, at a distance 

X from the origin of the axis, such that X = 

This value is easily deduced, from Art. 50., it being observed 
that the element of the surface is iiry ds. 

78. Coroll. The centre of gravity of the surface of a spherical 
cap is in the bisection of its sagitta. 


/yds 


79 - Proposition II. The centre of gravity of a solid, 
generated by the revolution of a plane, is in the axis, at a dis- 


tance X from the origin of the axis, such that X = 


fxy'^dx 
jy dx ' 


This value is easily obtained, it being observed that the element 
of the solid is iry’t/x. 

80. Coroll. From the application of this formula to the inves- 
tigation of the centres of gravity of various solids, we have the 
following results ; the abscissas being taken from the vertex of 
the tigurc which, by its revolution, generates the solid. 

1. For a .Spherical segment, the radius being a, • 


8fl — .Sr 

X = . X. 

12o — 4x 


2. For a sphciical sector, 

X = 5 (2 a -f- 3x). 
S. For a hemisphere, 
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4. For a segment of a paraboloid. 


5. For a segment of an ellipsoid ; if a be the semi-axis about 
which the rotation takes place, then, as in a spherical segment, 

„ 8a — 3x 

X = . X. 

12a — 4 t 

6. For a segment of an hyperboloid, 

8a + 3x 

Ji s , X. 

12fl + 4x 

This value is always contained between | and of the ab- 
scissa X. 

7. For the surface of a cone; if a be its axis, 

Z = ja. 
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CHAP. XI. 


ON THE USE OF THE CENTRE OF GRAVITY IN MEASURING 
SURFACES AND SOLIDS GENERATED BY REVOLUTION. 


81 . Proposition I. The suiTace generated by the 
revolution of an arc is equal to the arc itself multiplied by the 
path of its centre of gravity. 

Let Y be the radius of the circumference described by the 


centre of gravity ; hence its patli = 2 ir J . 


But (71.) 1 = 


fvfif 


Wherefore, the path of the centre of gravity of the arc multiplied 
by the arc iself = yt/s; which is the well known value of 
the surface generated by the revolution of the arc s about the axis 
of X. 


82. Carol/. If several arcs revolve about a common axis, 
the sum, or the difference, of the surfaces generated by them, is 
equal to the sum, or the difference, of the arcs themselves, mul- 
tiplied by the path of their common centre of gravity. 

Let the arcs be s, s', s ". . . . and the ordinates from their 
centres of gravity, v, v , v' ... . The surfaces generated will be 
( 81 .) Qttsv, Qtts'v. , . . and their sum will be 2ir(sw-l-s’t;^. . . .). 


Also tlie common centie of gravity of all the arcs will have 

+ tt It II ' 

s » -1- s u 

(48.1 tor Its ordinate, ; — ^ 

s s -h * • 


; and multiplying 


the path of this common centre by the sum, s -f- s' -h s" . . . , of 
the arcs themselves, there will result 2ir(sr -f sv -j- s' v' ...'). 
Wherefore, &c. 

The same reasoning applies to the difference of the arcs. 

83. Proposition II. The solid generated by the revolution 
of a plane surface is equal to the surface itself multiplied by the 
path of its centre of gravity. 
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— f ^ d 

For (75.) Y = ^ y ^ . Wherefore, the surface multi- 
Jydx 

plied by the path of the centre of gravity =■ vj y^dx, the well 
known expression for the generated solid, ir being the circum- 
ference of a circle the diameter of whicli is unity, and y being 
the diameter of the section of the solid at the distance .r. 

84. Coroll. If several surfaces revolve about the same axis, 
the sum, or the difference, of the solids, generated by them, is 
equal to the sura, or the difference, of the surfaces themselves 
multiplied by the path of their common centre of gravity. 

85. Proposition III. If a straight line move so as to remain 
always perpendicular to the line described by its centre of gravity, 
the surface generated by the motion of the straight line is equal 
to the straight line itself multiplied by the path of its centre of 
gravity : and the same is true in the case of a plane, which, 
moving in like manner, generates a solid. 

For every clement of the surface, or of the solid, generated 
will be equal to the product of the generating straight line, or 
surface, by the corresponding element of the line described by 
the centre of gravity. 
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CHAP. XII. 


METHOD OF FINDING BY APPROXIMATION THE SURFACES, 
THE SOLID CONTENTS, AND THE CENTRES OF GRA- 
VITY, OF FIGURES WHICH ABE NOT DEFINED BY 
EQUATIONS. 

86. Whenever the equation of a proposed curve is not 
given, neither the value of the figures bounded by the curve, or 
generated by its revolution, nor the position of their centres of 
gravity, can be obtained otherwise than in the way of approxima- 
tion. The most obvious method of approximation consists in 
assuming a great number of ordinates at small and equal dis- 
tances, aud in then considering the small arcs included by them 
as rectilinear ; thus transforming the curve into a polygon. 
Greater accuracy, however, is obtained, without greater labour of 
calculation, by considering these small arcs as so many parabolic 
arcs, according to the ingenious method invented by Simpson. 
We shall here collect the results, leaving it to the industry of the 
student, by a profitable exercise of calculation, to investigate the 
demonstration. 

87- Proposition I. Let it be proposed to measure 

(Fig. 11.) the plane XLL'X' 

Let there be drawn any axis A.S' of the figure; let it be 

divided into an even number of equal parts AP, PQ, QR ; 

and through the , points of division let there be drawn the ordi- 
nates AL, PM, QN .... perpendicular to the axis. Let 

AP=PQ,— QR . . . . = A; AL=y^,PM=y^,QN=y^ 

Then shall the area ALXS be expressed by this formula, 

jAjy, + 4y, + iy^ + ‘iy^ + ^ysA- +.y«f- 
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In like manner may be found the area of AJJX'S, and it 
may be added to that first found. If the lower curve L’X' be 
equal to the upper LX, and be similarly situated with respect to 
the axis, it will be sufficient to double the value found for the 
area ALXS. 

The above formula is deduced from the supposition, that the 
arc LMN is an arc of a parabola having MP for its diameter, 
and the arc NOX an arc of a parabola having OR for its dia- 
meter ; and so on ; a supposition which cannot lead to considerable 
error when the arcs are small. 

88. Coroll. 1 . In like manner for a solid, bounded by any 
curve surface, calling 5 ,, Sj, S3 . . .. the areas of sections perpendi- 
cular to the axis AS, thB solid content will be 

j- A. {s| 4 - 4 s 2 -t- 2S3 - 1 - 4S4 + 2ss -f 4 sg . . . . + 5 ,}. 

89. Coroll. 2. If the solid be produced by the revolution of 
the curve LX about the axis A . 5 , we shall have s = iry^'j and the 
expression for the solid content becomes 

{.Vi’ + + 43^4’ + 23^5' + 43^6* + y/}- 

90. Scholium. If instead of considering the arcs LMN, 
NOX. ... as parabolic arcs, the small arcs LAI, MN, NO, OX .... 
had been taken as straight lines, we should have obtained for the 
value of the area ALXS the following expression : 

i. A { 3/, -1- 2y, 4 - 2^4 4 - 23^4 4 - 2ys + 2 j^s • • • + y« 1 

and similar to thi.s would have been the expression for the solid 
content. 

91. Proposition II. Let XLL'X' be a surface bounded by 
two equal and similar curves LX, L'X\ bisected by the axis 
AS : its centre of gravity will be in the axis AS, at a distance 
from the point A expressed by the following formula ; 

^ 0 .yi 4 - 1.4^4 + 2 .2j^a4-3.4y4 + 4 . 2^5 4 - (b- l)y, 

.Vi + 4 y* 4 - 93^.4 4 - 4 V4 4 - 2 .V.V 4 - ,y» 
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92. Coroll. Similar to this is the expression for a solid sym- 
metrical about provided that the sections s,, . . . . perpen- 

dicular to the axis, be put for the ordinates y, ; and if the 
solid be generated by revolution, these sections will be represented 
by iry, 

93. Scholium. If the curves LX were considered as poly- 
gons, with the small sides LM, MN .... the formula would be 
this following, 

2^ y, -I- 1 .6va + g-6.Vs + 3 .6y^ -1- 4.6jts ■ • ■ ■ +(3w — 4)y, 

’ yi + 2j/s + ij/s + 2^4 + 2ys .... -fy. 
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CHAP. XIII. 


ON THE EQUILIBRIUM OF FORCES MEETING IN A POINT. 

94. Proposition /. If a free point, or elementary 
particle of matter, be acted upon by any number of forces, and 
if the resultant of these forces be nothing, there be an equili- 
brium : and conversely. 

95. Coroll. 1 . All the forces having been reduced to three 
(SO.) P, Q, P, parallel to three rectangular axes, in this case 

y/ ^ + Q* + P* = 0 ; whence P = 0 , Q = 0 , P = 0 . 

96. Coroll. 2 . Let any number of forces, expressed by 
AB, AC, AD, &c. (Fig. 12 .) be in equilibrium about the point 
A : then shall A be the centre of gravity of the points B, C, D, 
&c., considering these points as loaded with equal weights. 

For let the system of points Jl, B, C, D, &c. be referred to 
three rectangular axes ; let X, Y, Z, be the co-ordinates of the 
point A; X, y, 2, those of the point B. Tlie force AB being, 
by the hypothesis, expressed by AB, will be 

= V\{X -Xf + {y- Yf + (2 - Zf] ; 

and if it be resolved into three forces parallel to the three axes, 
these components will be x — X, y — Y, z— Z. In like manner 
the force AC may be resolved into three, x' — X, —Y, z — Z; 
and the force AD into three i" — X, y" —Y, z" — Z ; and so on. 
Let n be the number of these forces AB, AC, AD, 8tc. which 
are in equilibrium. Wherefore ( 95 .) 

P = X + r' + x" — nX = 0 , 

Q *• .y + y + y" — « F = 0, 

P x: z + z' -p z" ~ n Z = 0 . 

E 
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Therefore, the co-ordinates of the point A are these three, 


X = 


x-t- jr +r . 


= 


y-\-xf -Vy"... 


z = 


z + z 4-2 


K ' W « 

which are (48.) precisely the co-ordinates of the centre of gra- 
vity of the points B, C, D, &c. 

By reasoning conversely, it may be shewn that if the point A 
be the centre of gravity of the points B, C, D, &c., and if it be 
acted upon by the forces AB, AC, AD, &c., it will remain ia 
equilibrium. 


9/- CoroU. 3. Hence the following theorems. 

If a point be situated in the centre of gravity of a triangle, and 
be acted upon by three forces expressed by the straight lines 
drawn from it to the angles of the triangle, it will remain in 
equilibrium. 

If, likewise, a point be situated in the centre of gravity of a 
triangular pyramid, and be acted upon by fonr^ forces expressed 
by the straight lines drawn from it to the angles of the, pyramid, 
it will remain in equilibrium. For it is easy to demonstrate that 
the centre of gravity of a triangle, or of a triangular pyramid, is 
also the centre of gravity of equal weights placed at the angular 
points. 

98- Scholium 1. If the point in which the forces meet, be 
stopped by a prop, which does not allow it any kind of motion, 
the equilibrium will subsist, however great be the number of act- 
ing forces ; and the prop will be pushed, or drawn, with a force 
equal to the resultant of the forces applied. 

99- Scholium 2. If the point be suspended from a ful- 
crum by means of a rod, it is requisite, for an equilibrium, that 
the resultant of the applied forces should pass through the 
fulcrum. And if the point hang by a thread, it is further neces- 
sary that tills resultant do not urge the point towards the ful- 
crum, but in a contrary direction. The magnitude of the 
resultant is the magnitude of the force which stretches the 
thread or the rod, and also of the pressure which the fulcrum 
sustains. 
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So 


100 . Proposition II. If a point, or elementary particle of 
matter, lie upon a resisting surface, and if the resultant of the 
forces, applied to the point, be perpendicular to the surface, 
and press the point against it, there will be an equilibrium ; and 
conversely. 

In order to e.\press, analytically, the condition of the resultant 
acting perpendicularly to the surface, it is necessary to premise 
the following geometrical lemma. 


101. Lemm.\. If a surface be determined by the equation 
Idx mdy ndz ~ 0 \ if I: be a perpendicular to the sur- 
face at a point in it, the co-ordinates of which are x, y, z ; if 
a, / 3 , y, be the angles which fc makes with x,y, z, respectively ; 
and if I* -f -|- m’ = JIf * ; then. 


cos. a 



cos. /3 



cos. 7 


w 

M' 


For let a, b, c, be the co-ordinates of the other extremity of k : 
wherefore, 

k* = (x - a)* + (y — bf -F (i - c)* ; 
kdk IS {x — a)dx + (y — b)dy + (t — c) dz. 

But X — o=A: cos. a ; y — b = k cos. ft; z — cs= A: cos. 7 ; 
dk — dx cos. a dy cos. j3 -f dz cos. 7. 

But since k is perpendicular to the surface, it must be the 
greatest, or the least, of all straight lines drawn to the surface, 
from the point determined by the co-ordinates a, b, c. Where- 
fore dk = dx cos. a + dy cos. /3 + dz cos. y = 0 ; from which 
equation, combined with the other, Idx -|- mdy -F ndz = 0, 
eliminating dx, we have 

(/ cos. (i — m cos. a) dy + (I cos. 7 — « cos. a) dz = 0. 

.And this last equation must be true, whatever be the variations 
of dy,dz: wherefore, 

I cos. /3 — m cos. a = 0, 
and I cos. 7 — n cos. a — 0 : 
also ( 27 .) cos.^ a -F cos.' /3-F cos. 7* = 1 ; 
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whence are deduced the three assigned values of cos. a, cos. 
cos. y. 


102. Coroll. Wherefore, if tlie resultant S of the force* 
applied to a material point, lying upon a surface, is to be perpen- 
dicular to the surface, resolving it into three forces P, Q, R, 
parallel to x, y, z, the following equations must obtain ; viz. 


P = A cos.a= — ; Q = A cos./3= ; R=S cos.'y= — ; 

M M M 

and, therefore, P : Q : Ji :: f : m : n. 


It is clear that the resultant A is counteracted by the resistance 
of the surface, and represents the pressure which the surface 
itself sustains. 
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CHAP. XIV. 


ON THE MOMENTUM OF ROTATION. 

103. If a system, of invariable form, admit of rotatory 
motion about an axis, and if to any of its points a force be ap- 
plied which acts in a plane perpendicular to the axis, the product 
of the force by the distance of its direction, from the axis of 
rotation, is called the Momentum of the Force to turn the S^^stem 
about the Axis. 

Thus, let the force AP (Fig. 13.) be in a plane perpendicular 
to the axis Oo, and let AM be drawn in this plane perpendicular 
to AP; the product AP .AM is the momentum of the force AP 
to turn the .system about the axis Oo. 

104. Scholium. If the force AP lie in a plane oblique to 
the axis Oo, it is necessary to resolve it into two ; of which the 
first shall be parallel to Oo, and the second shall lie in a plane 
perpendicular to Oo. This second force is the only one which 
tends to turn the system about its axis ; and its momentum is to 
be considered as the momentum of the force AP. 

105. Proposition. If tq. a rigid system moveable about an . 
axis, two forces be applied which tend to turn it in contrary direc- 
tions, and if the momentums of the two forces be equal, there 
will be an equilibrium: and conversely. 

Let the two forces AP, BQ (Fig. 13.) tend to turn the system 
about the axis Oo in contrary directions, with equal momentums 
AP. AM, BQ. BN. These forces act(104.) in planes perpendi- 
cular to the axis, and are therefore parallel to each other. Let 
any plane be supposed to be drawn through the axis, and let Ma, 
Nb, be the common sections of this plane with the two parallel 
planes, aMA, bNB, in which lie the forces AP, BQ. Take 
Ma, NA equal, respectively, to MA, NB. At the extremity a, 
of Ma, suppose two opposite forces, ap, ap’, equal to each 


Digitized by Google 



38 


ELEMENTS OF MECHANICS. 


Other and to A P, to be applied in the plane a MA : and simi- 
larly to the extremity of iV/i, let there be applied bq, bq, equal 
to each other, and to BQ, and acting in the plane bNB. Since 
these new forces mutually counteract each other, the resultant of 
the six forces AP, ap, ap\ BQ, bq, bq', is the same as that of 
the two forces, AP, BQ. 

Considering first, the two forces AP, ap', produce their direc- 
tions until they meet in li ; join It, M ; and it is evident that 
RM bisects the angle PRp'. But the resultant of the two equal 
forces AP, ap', ought also (25.) to bisect their angle Prp'-, 
wherefore, the resultant coincides with RM, and cuts the axis in 
the point M. It may similarly be shewn, that the resultant of 
the two BQ, bq', has the direction S~S, and cuts the axis in the 
point 

There remain, then, the two forces ap, bq, which by the con- 
struction, are parallel. Join a, b, and let ab cut the axis in G : 
and as, by the hypothe.sis, AP .AM = BQ.BN, therefore also 
ap.aM = bq.bN, and 

ap : bq :: bN : a M :: bG : a G, 

Wherefore (38.) the resultant of the forces ap, bq, cuts the axis 
in G. 

Thus arc the six forces, equivalent to AP, BQ, reduced to 
three, each of which cuts the axis, and therefore does not tend to 
turn the system. There will, therefore, be an equilibrium. 

Again, if the momentums AP.AM, BQ.BN, be not equal, 
neither will ap.aM, bq.bN, be equal ; and the resultant of the 
forces ap, bq, will not pass through G, but on the one side or 
the other of that point, in the straight line a b, so that the system 
will revolve. If, therefore, there be an equilibrium, the raomen- 
tums of the forces applied must be equal to one another. 

106. Coroll. \. It is manifest, from the preceding demonstra- 
tion, that as far as regards the equilibrium of rotation about the 
axis Oo, for the forces AP, BQ, we may substitute two others, 
as ap, bq, equal to the first, but with any different directions, 
provided that these directions lie always in planes perpendicular 
to the axis Oo, and preserve the same distances from the axis. 
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Thus may the above-mentioned forces be rendered all of them 
parallel to one another. 

107- Coroll. 2. We may also, without disturbing the equili- 
brium of rotation, substitute for the force AP , another ott, of a 
different value, by changing the distance from the axis. It is only 
• necessary that AP .AM = ar-aM; whence the same momen- 
tum is preserved. 

108. Coroll. 3. If several forces act upon the system, tending 
to turn it in contrary directions, and if the sum of the momentums 
of those which tend to turn it in one direction, be equal to the 
sum of the momentums of those which tend to turn it in the con- 
trary direction, there will be an equilibrium ; and conversely. 

For, let all the forces be reduced (106.) to forces parallel to one 
another ; then, let all those, which tend to turn the system in the 
same direction, be reduced to their resultant P, applied at their 
centre, and let the momentum of this force be P .m. Similarly, 
let those which tend toward the contrary direction, be reduced to 
one (2, applied at their centre, and let its momentum be Q.n. 
Wherefore (55.) Pm is the sum of the momentums of the first, 
and Qn the sum of the momentums of the second : and, by the 
hypothesis, Pm^sQn; therefore (105.) there will be an 
equilibrium. 


f 
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CHAP. XV. 


PRINCIPAL PROPERTIES OF MOMENTLMS OF ROTATION. 

109. Lemma 1. If through the point O (Fig. 14.) tliere be 
drawn three rectangular axes O.Y, OY, OZ, and if also, through 
the same point, there be drawn three other rectangular axes, 
OX', OY', OZ' , each of which makes, with the three first: 
respectively, the angles a, y, a, /S', y ; a", /8", y " ; there 
will result these six equations, 

cos.* a + cos.* /3 + cos.* »y = 1 ■ 
cos. a + cos. p + cos. *y ~ 

COS. a + cos. fS + cos. y =1. 

cos. a. cos. a + cos. /3.cos. /3' + cos. y,cos, y = 0 . 

cos. a . cos, d* + cos. (i . cos. (3^' + cos. y . cos. y^ — 0\ 

COS. a. cos. a +cos. p.cos. p + cos. 7 .cos. 7 =0. 

The three first result from Art. 28, the three last from the 
theorem proved in Art. 34, by which we have 

cos. X'OY' = cos. a. cos. a + cos./3.cos. /3' + cos. >y.cos. y'. 
cos. X'OZ' = cos. a. cos. a + cos. /3 .cos. /3" + cos. y.cos.y". 
cos. Y'OZ' = cos. a'. cos. o" + cos. /S'.cos. /3"+ cos. 'y'.cos.'y". 

But, by the hypothesis, the angles X'OY' , X'OZ', Y'OZ , are 
right angles, and their cosines are therefore equal to nothing. 
Therefore, &c. 

1 10. Coroll. If we first consider the axes OX', OY', OZ', 
and then the others OX, OY, OZ, each of which makes, with 
the three first, the angles a, a, a"; /3, /T, /3"; y, y, y"; it is 
evident that, in addition to the six equations (lOQ.), we shall also 
have these other six. 
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2 I 2 ' I 2 '' 

COS. a + cos. a + cos. a =1. 

cos.*/3 + cos.‘/3* + cos.“/3^' = 1. 

COS. y -+“ cos. y + cos. 'y =: 1. 

cos. a . cos. /3 + cos. o’, cos. + cos. a". cos. /3" = 0. 

^ cos. a. cos. y + cos. cos. y" + cos. a". cos. y" = 0. 

cos. /3. cos. 7 + cos./8'.cos. y + cos. /3”. cos. y" = 0. 

111. Lem M.s 2. Let the area a be in any plane drawn through 
the origin O ; let this area be projected on the three planes YOZ, 
XOZ, XOY, into A, A', A", and on the three planes Y'OZ', 
X'OZ\ X'OY', into B, B\ B" : then 

B = A cos. a A' cos. /3 + cos. y. ^ 

Jf = A cos. a! -Y A' cos. / 3 ' + A'' cos. y. 

Ji' = A cos. a” + A' cos. /3” -Y A" cos. y". 

For, let OZ) (Fig. 14.) be perpendicular to the plane in which 
the area a lies. We shall have (32.) 

cos. X'OD = cos. -YOU cos. a + cos. YODcos.fi + cos. ZOD cos. y . 
cos. i'OD = cos. XODcos.a'-Ycos. YODcos.fi' Y <^os. ZODcos.y', 
cos.Z'OD=cos. XODcos.a'Ycos. 1 ODcos.fi"Ycos.ZODcos.y". 

But it is demonstrated in Geometry, that the projection of a 
plane (a) upon any plane, is equal to the plane (a) multiplied by the 
cosine of the inclination of the two planes, or by the cosine of 
the angle contained by the perpendiculars to the two planes. 
Wherefore, since OD, perpendicular to the plane («), makes with 
OX, perpendicular to the plane 1 OZ, the angle XOD, the pro- 
jection of (a) on the plane L0.3 = a cos. XOD: and thus, 

A = a cos. XOD, A' = a cos. ) OD , A" = a cos. ZOD, 
B=a cos.A'OD, li' = a cos. Y'OD, lf= a cos. Z'OD; 

where, substituting for the cosines X'OD, &c. their values above 
determined, and for the products a cos. XOD, Sic. their values 
A, 8tc. there will result the values of the three projections B, El , 
If, assigned in the Lemma. 

112. CoroU. If instead of a single area a, there be several 
areas situated in different planes, all of them passing through O, 
and if, when each of these areas is projected on three rectangular 

!• 
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planes, A, A', A" denote the sums of the projections on the 
planes YOZ, XOZ, XOY, respectively, and B, ff' , the 

sums of the projections on the planes Y'OZ', X'OZ', X'OY', 
the equations of the preceding article will obtain with respect to 
the sums A, A', A", B, B', B". 

For, from the form of each of these equations, it is plain, that, 
by writing 'down as many of them as there are areas a, and taking 
their sum, the resulting equation will preserve the same form; 
only, instead of the single projection of the area a, there will be 
introduced the sum of the projections of all the areas which ac- 
company it. I 

113. Lemma 3. To the point A (Fig. 15.) determined by ' 
the co-ordinates x, y, z, let there be ap|ilied the force AB, which, 
resolved into three parallel to the axes OX, OY, OZ, gives the 
three forces P, Q, R, and straight lines OA, OB, having been 
drawn from the origin O, if the triangle OAB be projected on 

the three planes XOY, XOZ, YOZ, the three projections will be 

j(Py - Qx), ^{Rx - Pz), ^(Qz - Ry)., 

Let QOQ' be the projection of the triangle AOB, on the 
plane XOY. The ordinates QP, Q'P', having been drawn, we 
shall have OP = x, PQ = y, OP' = x -1- P, P'Q' = y Q. 
Now the triangle QOQ'= POQ -f- PQ&P ' — P'OQ!. But, 
POQ = ixy; PQaP'-i PF \PQ + PQ') = i P (2y -f- Q) ; 

P 00' = |(x -f- P) . (y + 0) : wherefore 000 = J (Py — Qx). 

And in the same manner may the other tw’o projections be found. 

114. Cordll. 1. The momentums of the force AB, to turn 
the system about the axes OZ, OY, OX, are proportional to the 
projections of the area AOB, on the three planes XOY, XOZ, 
YOZ; each of these momentums being the double of the corres- 
ponding projection. 

For the force AB, when it is resolved into the three P, Q, R, 
tends to make the system turn about the axis OZ, from Y 
towards X, with the momentum Py, and from A towards Y with 
the momentum Qx. Wherefore, the momentum of the force AB, 
to make the system turn about the axis 02, from Y towards X, 

3s Py — Qx, In the same manner, it may be shewn that the 
momentum of the force AP to turn the system about OY, from 
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X towards Z, = Rx — Pz; and that its momentum to turn the 
system about OX, from Z towards Y, = Qz — Ry. Therefore, 
its three momentums to turn tlie system about the axes OZ, 
OY, OX, in the direction XYZ, are Py — Qx, Rx — Pz. 
Qz — Ry. But (113.) the three projections of the area A OB, on 
the planes XOY, XOZ, YOZ, are i{Py~ Qx), i(Rx-Pz), 
|(Qz — Ry). Wherefore, 8lc. 

115. Coroll. 2. In a system of any number of forces what- 
ever, the sums of the momentums, with which these forces tend 
to turn the system about three rectangular axes OZ, OY, OX, 
are proportional to the sums of the projections of as many areas 
as there are forces, upon, the planes XOY, XOZ, YOZ ; each 
sum of momentums being the double of the sum of the corres- 
ponding projections. 

11 6 . Proposition I. If F, G, H, be the sums of the mo- 
mentums with which the forces, applied to a system, tend to 
turn it about tlie axes OX, OY, OZ; and if F', G', //', be the 
sums of the momentums of the same forces, with respect to the 
axes (109.) OXl, OY’, then 

F" = F cos. a -+■ G cos. (i + H cos. y , 

G‘ = F cos. a’ -f- G cos. ^ H cos. y, 

H'— jFcos. a"-f- Geos. /3"-l- tl cos. y". 

For, calling A, 4', A!' , the sums of the projections of all the 
areas, analogous to AOB, on the planes YOZ, XOZ, XOY; 
and B, B', B", the sums of the projections of the same areas on 
the planes Y'OZ", X'OZ, X'OY', we shall have (115.) 

4 = iF,4'=iG, A” = iH; 

B = ^F', R = iG', rr = A H’-. 

and, if these values of A, &c. B, &c. be substituted in the equa- 
tions of Art. Ill, there will result those expressed in the propo- 
sition. 

117 . Coroll. If the sum of the squares of these equations be 
taken, and reduced, by means of the equations in Arts. lOQ, 1 10, 
there results 

F'* + G'^ -I- W" = F' -I- G* -I- if* : 
so that to whatever set of three rectangular axes, drawn through 
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the same point, the monientums of the forces be referred, the stun 
of their squares is always the same. 

118. Proposition II. The three momentums F, G, H, 
tending to turn the system about the three axes OA', OY, OZ, 
are equivalent to a single momentum V^(F* + G’ 4- IF) tend- 
ing to turn it about a single axis, O.Y', which makes, with the 
three first, angles that have for cosines, 

F G II 

V(F+G^~+Tr)’ V(F^ + G^+in)’ v^cf'+g’+W’')' 


For, if cos. a = 
cos. /3 — 
cos. y = 


V'{F‘ + G^ +U^)’ , 
G 

v/(F‘ + G» + ivy 
II 


t/(F‘ -I- G* + IV) ’ 
and if, by the preceding formulas, the value of the momentums, 
F', G' , H', be sought, with respect to the axis OX', and two 
other axes perpendicular to it, we shall have, first, (116.) 

V(F“ + G“-l-//-) ^ TV, 

and then (117.) G'^ + W' = V + G^ + H' - = 0 -, 

whence G' = 0, H' =Q. Wherefore, &c. 


lip- VoroU. 1. Conversely, if the forces applied to the 
system tend, with a momentum M, to make it revolve about an 
axis, which makes the angles a, /3, y, with three rectangular axes 
OX, OY, OZ; the momentum M will be equivalent to three 
momentum.s, il/ cos. a, M cos. ]3, M cos. y, tending together to 
turn the system about the axes OX, OF, OZ, respectively. 

120. Coro//. 2. Hence, it is evident that the different mo- 
raentums which the forces, applied to a system, have to turn it at 
one time about different axes, may be compounded together, in 
the same manner as forces applied to a point. 

Thus, if on the axes OA', OY, OZ, there be taken from the 
point O, three straight lines res|u-ctively equal to F, G, II, that 
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is, to the raomentums of the forces with respect to the several 
axes, and if, with these, as sides, a rectangular parallelepiped 
be constructed, its diagonal drawn from O will be the single axis, 
about which the system will tend to revolve with a momentum 
expressed by that same diagonal. 

For, this diagonal will he = \/ (/’^ + + f/*), and will 

make, with the three axes, OX, 0\ , OZ, angles which have for 
cosines 

F G II 

V'(F^ +G^ + H')’ v'(F‘ + G^+ /i“)’ V'(F^+G' + //’)■ 

121. Proposition III. The momentums, F, G, H, being 
given, with which the forces applied to a system tend to turn it 
about the rectangular axes OX, 0 Y, OZ, to find the momentums 
f, g, h, with which the same forces tend to turn it about three 
rectangular axes, parallel to the first, and drawn through a point, 
the co-ordinates of which are a, b, c. 

In' order to refer the momentums of the forces to these new 
axes, it is sufficient, in the values of the momentums F, G, H, 
instead of the co-ordinates x, y, z, to put x — a, y ~ b, z — c. 
And, since (114.) F = 1,.Qz~'Si.Ry, we shall have 

/ = 2 . Q (z — c) — 2 . F (y - 6) 

= F-c2.a + A2.F: 
g = G — a2.F-|-c2.*P, similarly, 
h = II- b^.P -f a2.Q, 
which was to be found. 

122. CoroU. If 2.P = 0, 2.Q = 0, 2.R=0, and if 
also the momentums of rotation about the three rectangular axes 
be equal to nothing, so that F=0, G=0, H=0, the momen- 
lums of rotation about any other axes whatever will be equal to 
nothing. 
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CHAP. XVI. 


ON THE EQUILIBRIUM OF A SYSTEM OF INVARIABLE 

FORM. 

123. Proposition . Jf a rigid system be acted upon by 
several forces, each of whicli is decomposed into three P, Q, R, 
parallel to three rectangular axes, there will be an equilibrium, 
provided that, first, the sums of tlie forces parallel to each of the 
three axes are equal to nothing : secondly, the sums of the mo- 
mentums of the forces to make the system turn about each of the 
axes are equal to nothing : and conversely. 

For, the three forces applied to the system may be reduced to the 
three resultants S . P, 2 . Q, 2 . each of which tends to transfer 
the whole system, and every point of it, with a progressive 
motion parallel to its respective axis. If then each of these 
resultants be equal to nothing, no point of the system can (95.) 
have a progressive motion. Further, the momentums of the 
forces, to make the system turn about three rectangular axes, 
being equal to nothing, the momentums of the forces to make it 
turn about any other three such axes will also (122.) be equal to 
nothing; and therefore the system cannot have a rotatory motion. 
And it is plain that a rigid system cannot change its position, 
unless it be either by a progressive motion, or by a rotatory motion. 
Wherefore, &c. 

Conversely, if there be an equilibrium, it is necessary that 
the system can neither receive a progressive, nor a rotatory motion. 
But it would receive a progre.ssive motion, if any of the sums 
S . P, &c., were not equal to nothing ; and it would receive a 
rotatory motion if any of the momentums referred to the three 
axes were not equal to nothing. Wherefore, &c. 

124. Coroll. I. Each of the forces having been resolved, 
as above, into tliree P, Q, R, and ,i, y, z, being the co-ordinates 
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of its point of application, the equilibrium of the system is 
determined by tlie six following equations, 

2.P = 0; 2.Q=0; 2.R = 0, 

2.Py = 2.Qx; 2.Pr = 2.Px; 2.Qz = 2.Ri/. 

The first three indicate that the system cannot have a progressive 
motion, according to any one of the axes OX, OT, OZ, The 
three last indicate that the system cannot revolve about any one 
of the three axes OZ, OY, OX: and it has been shewn that, if 
these movements be prevented, every possible movement remains 
excluded. 

125. Coroll. 2 . If there be in the system a fulcrum, or fixt 
point, all progressive motion is prevented by the resistance of the 
fulcrum. So that it will then be sufficient that the forces 
P, Q, R, shall not cause any rotatory motion ; and the equi- 
librium will be determined solely by die three equations, 

2.Py = 2.Qx; 2. Pr = 2.Px; 2.Qz = 2.Py. 

126 . Coroll. 3. If there be two fixt points, or, which 
amounts to the same, if there be a fixt axis, then the system can 
only have a rotatory motion about that axis : so that taking it for 
the axis of z, the single equation 2 . P y = 2 . Q x will suffice for 
the equilibrium. 
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CHAP. XVII. 


O.N THE PRESSURES UPON THE SUPPORTS OF A RIGID 
SYSTEM IN A STATE OF EyUILIBRIUM. 

127 . Proposition I. If a rigid system, in a state of 
equilibrium, be sustained by a fulcrum, or fixt pivot, the same 
notation being used as before, the pressures p, q, r, which the 
fulcrum sustains in the direction of x, i/, z, are determined by the 
equations 

p = il.P; q = 2.Q; r = 2.P. 

For the pressures sustained by the fulcrum are equal, and con- 
trary, to those forces which must be applied there to maintain 
the equilibrium, if the fulcrum were removed. Now, by the 
three first equations of equilibrium (124.), it is manifest that the 
forces 2.P, 2 . Ci, 2 . P, ought to be there applied in directions 
contrary to x, y, z. 

1 28. Coroll. The fulcrum sustains the stress of the powers 
P, Q, R, in the same manner as if they were immediately applied 
to it. 

1 29 . Proposition II. If a system be in equilibrium about the 
immoveable axes OZ (Fig'. 15.), fixt in two points Al, N; if 
p, q, r, be the pressures sustained in tlie directions of 
X, y, z, by the pivot at M, to which point belongs the abscissa 
OAf=^; and ifp', q', r, be the pressures sustained similarly by 
the other pivot at A', to which belongs the abscissa ON = 
the values of these pressures are determined by the five following 
equations : 

p +p' = 2.P. 

q + q' = 2.Q. 

r -f- / = 2 . P. 

pl + p'i' =^.Pz-^.Rx. 

ql+qX = - 'l.Ry. 
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For if the points M, N, be supposed to be removed^ so that 
the system is less free, and if forces p, q, r, be applied, in direc- 
tions contrary to the co-ordinates, at the point M, and forces 
f'> 9 ') point ~N, to maintain the equilibrium ; when 

the values of these forces are deduced from the general equations 
of equilibrium (124.) there result the equations above written. 

130. Coroll. 1. The third of the above equations shews 
that the whole axis OZ is pressed, in the direction of r, with a 
force = 'S. . R, By the other four equations are easily deter- 
mined the pressures sustained by each of the props in the direc- 
tions of .r and of y. 

131. Coroll. 2. Hence may be easily solved the problem, 
in which are sought the pressures exerted by a door on two 
hinges that sustain it ; or, more generally, the pressures exerted 
on the two pivots M, N of the axis, by a force parallel to the axis 
itself. 


Let the force = — R ; the distance of its direction from the 
axis = X ; the distance between the two pivots M, N = 

Rx 

Then, r + r'= — R ; p' = — p = : q' = q = 0. 

Thus the door presses, with its whole weight R, the vertical 
line of the hinges ; and further, the upper hinge is drawn out- 

RX 

wards, and the lower pushed inwards, each with a force = 


G 
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CHAP. XVIll. 


ON THE EQUILIBRIUM OF A RIGID SYSTEM ACTED UPON 
BY PARALLEL FORCES. 

132. It is a property of a rigid system, acted upon by 
parallel forces, that (46.) all the forces may be reduced to one 
single resultant, applied at their centre, and equivalent to the sum 
of them all. Such is a heavy body ; such is a mass, of vvhich 
the particles tend all to move with equal velocities and in parallel 
lines. In these systems the determination of the conditions and 
of the properties of equilibrium is, for the most part, easy : as we 
shall see by going through some particular cases. 

133. Proposition /. If a mass M, of which all the 
elements are impressed with a velocity V, be contiguous to a 
mass m, of which all the elements are impressed with a velocity u ; 
and if the directions of the velocities V, u, be parallel to the 
straight line joining the centres of gravity of the two masses, and 
opposite to each other ; there will be an equilibrium if the masses 
M, m, be reciprocally proportional to the velocities F, u ; and 
conversely. 

For all the forces, which act on the mass M, may be reduced 
to a single force applied at its centre of gravity and equal to M.V ; 
likewise those which act on the mass m may be reduced to a 
single force at its centre of gravity and equal to m .u. These 
two single forces being opposite, there will be an equilibrium if 
M.V = wi .H, or if ; wi :: « : V ; and conversely. 

The product of the mass by the common velocity with which 
all its elements move, or tend to move, is called quantity of 
motion. This product, measuring the resultant of all the parallel 
forces which act on the elements of the mass, measures also 
the force of the mass itself. 
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134. Proposition II. A heavy body being suspended, or in any 
way sustained, on a fixt point, will remain in equilibrium, if the 
vertical drawn through the centre of gravity pass through that 
point ; and conversely, (63. 99.). 

135. Proposition III. A heavy body, placed upon a plane, 
will be in equilibrium if the plane be horizontal, and if further the 
vertical drawn through the centre of gravity fall within the space 
which is bounded by the straight lines that join the points of sup- 
port: and conversely. 

136. Coroll. 1. If the first condition be wanting, the body 
will slide along, grazing the plane: if the second be want- 
ing, it will roll over that point of support, towards which the 
vertical, drawn from the centre of gravity, falls. 

137. Coroll. 2. The heavy body presses the plane with all 
its weight; if the supports be two, or even three, provided that 
they do not lie in tlie same straight line, it is easy to determine 
(40. 42.) what part of the weight presses on each of the points of 
support ; but in other cases (44.) the problem is indeterminate. 

133. Proposition IV. If a heavy body be sustained on two 
inclined planes CjI, CB- (Fig. 16.) resting on the points of sup- 
port A, B, there will be an equilibrium, if the vertical GV, 
drawn through the centre of gravity G of the body, lie between 
the two points A, B, and pass through the intersection P of the 
perpendiculars AP, BP, drawn from the points A, B, to the 
inclined planes : and conversely. 

For the weight of the heavy body may be supposed to be ap- 
plied to the point P of the vertical G V, and to be resolved into 
two forces, in the directions PA, PB, which acting perpendicu- 
larly against the planes, in the points of support, will (100.) be 
sustained. 

And conversely, if there be an equilibrium, the perpendiculars 
AP, BP, must necessarily meet in a point of G V. For if we 
suppose the planes to be removed, and in their stead to be sub- 
stituted at A, B, forces equal and contrary to the pressures which 
the heavy body exerts on the planes themselves, an equilibrium 
must subsist between the weight of the body, which acts accord- 
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ing to the vertical GV, and these two forces, which act accord- 
ing to AP, BP. Now three forces, which arc not parallel^ 
cannot be in equilibrium, unless their directions meet in a point ; 
because each of the forces must be equal and opposite to the 
diagonal of the parallelogram the sides of which represent the 
other two. 

139- Coroll. 1. It is easy to determine the pressures on 
each of the points of support A, B. 

Let P be the weight of the body, A, B, the pressures sought. 
Then, (17.) 

P : A : B :: sin. APB : sin. BPG : sin. APG. 

Or, if the vertical CZ be drawn, 

P I A : B :: sin. ACB : cos. BCZ : cos. ACZ. 

140. Coroll. 9.. If the vertical GV do not pass through 
the intersection P of the perpendiculars AP, BP, but nearer to 
one of the points of support, for example, towards A, the body 
will slip between the two planes, the extremity at A descending, 
and the other extremity at B ascending. 

141. Coroll. 3. If the body rest upon the planes not in one 
point only, but in more than one, or in an extended base, for 
example, in ab, a/3, it will suffice for the equilibrium, that the 
vertical GV pass through the parallelogram Imno, formed by 
the perpendiculars drawn to the planes at the extremities of the 
bases ab, a/3. 

142. Coroll. 4. If one of the points of support were a 
fixt prop, which hindered the body from slipping along the 
plane, then it will suffice for the equilibrium, that the vertical GV 
pass between the points A, B. 

In this case, also, the determination of the pressures is very 
easy : of which we shall give an example in the true solution of 
the following problem, which has been differently exhibited by 
different persons. 

143. Coroll. 5. The beam AB (Fig. 17.) rests with its ex- 
tremity A on the vertical plane ACX with its other extremity B 
on the horizontal plane CB, being propped at B by an obstacle, 
which hinders it from sliding along the plane ; it is required to 


Digitized by Google 



ON EQUILIBRIUM. 


53 


find the pressures, or stresses, against the points of support 

A, B. 

Through G, the beam’s centre of gravity, draw the vertical 
GP meeting the horizontal line AP in P, and CB in 2’: 'and 
join PB. The weight of the body may be supposed to be ap- 
plied at P, and to be resolved into two forces A a, and B 6 in the 
direction PB : and these will be the two pressures sought. 
If it be required to find, separately, the horizontal and vertical 
pressures exerted by the beam, resolve Bb into two BX, BZ, 
the former horizontal, the latter vertical. Suppose now the sup-- 
ports to be removed, and instead of them to be put the forces 
A a, BX, BZ, acting in contrary directions ; these forces must 
maintain an equilibrium with the weight P of the beam. And, 
since the system is all in one plane, we have from Art. 124, these 
three equations, 

Aa = BX; P = BZ-, P.CT+Aa.CA = BZ.CB. 

P PT 

Whence Aa = BX— — . 

LA 

Therefore, the prop B is pressed vertically by the whole 
weight of the beam ; it, also, and the point A are pressed hori- 
zontally, in opposite directions, with a force expressed by 

P.BT 
CA ' 

Let AB^a, AG = b, the BAC = <p. 'Fhe horizontal 
pressure will be P. . tan. 0. 

And if the centre of gravity fall in the middle of the beam, 
the pressure becomes j P tan. <p. 
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CHAP. XIX 


ON SYSTEMS OF VABIABI.E FORM. 


144. Xhose conditions, which secure an equilibrium in rigid 
systems, are not sufficient to secure it in systems of a variable form. 
In these, besides a progressive and a rotatory motion, various 
other motions may take place, according to the particular form 
and disposition of the system ; which requires other conditions of 
equilibrium, adapted to prevent all those partial motions of which 
each point is susceptible. Galileo’s principle of virtual veloci- 
ties is applicable also to systems of variable form, and supplies 
the equations of their equilibrium ; but the general demonstration 
of this principle, and its application, often difficult, would draw 
us beyond the limits of an elementary treatise : besides that, for 
practical purposes, the consideration of some particular systems 
may suffice, in which the laws of equilibrium are easily deduced 
from the decomposition of forces. We shall, therefore, confine 
our attention to polygons, the angles of which may be increased, 
or diminished, by the action of forces applied to them ; whether 
the sides be flexible or rigid ; to which subject the following pro- 
position will serve as an introduction. 

145. Proposition . If two strings KA, K’Ay nteetin 
the point A (Fig. 18 .) having their extremities fixt in the points 
K, K , and being drawn at A by the force P, the direction of 
which makes with the strings the angles a, a, and if T, T' be 
the tensions of the strings, 

P : T : T' :: sin. (a -f a) : sin. a : sin. a. 

Let the force P, expressed by the straight line AP, be resolved 
into two, AT, AT', in the directions AK, AK' produced; it is 
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manifest that the string ilK is stretched with the force AT, and 
the other string AK' with the force AT' ; and (17.) 

AP : AT : AT' ;; sin. TAT' : sin. PAT' : sin. PAT. 
Wherefore, &c. 

146 . Coroll. 1. The two strings necessarily lie in the same 
plane with the stretching force P. 

147 . Coroll. 2. If the angle of the two strings be very 
obtuse, their tensions are very great compared with the stretch- 
ing force : yet that angle cannot vanish unless the force P be- 
come nothing. Hence, there is no tension sufficient to keep a 
heavy cord stretched in any straight line that is not vertical. 

148. Coroll. 3. If the direction of the force P bisect the 
angle of the two strings, the strings are equally stretched, and 

P 

the tension = . 

2 . cos. a 

149 . Coroll. 4. If the knot /I be a running noose, there 
cannot be an equilibrium, unless the direction of the force P 
bisect the angle of the strings. 

For the force, acting on the knot A, will make it describe an 
ellipse having its focuses in K, K'. Now there cannot (100.) be 
an equilibrium, unless the direction of the force be perpendicular 
to this ellipse ; in which case it bisects the angle made by the 
straight lines drawn to the two focuses. 
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CHAP. XX. 


ON THE FUNICULAR POLYGON. 

150. Proposition. LiEt KABCDK' (Fig. 18.) be a 
polygon, the sides of which are a string, having its extremities 
fixt at k, k', stretched by the forces P, Q, R, S, which make, 
with the sides of the polygon, the angles a, a, /S', y, y',S, Si ; 
it is required to determine the conditions of equilibrium. 

Resolve the force P, applied to the angle A, into two T, X, 
in the directions of the sides AK, AB, contiguous to A : in like 
manner, resolve the force Q into X', Y, in the directions of the 


sides BA, BC; and so on to the last force. 

Then (145.) 

P : T : X :: sin. (o+a) : sin. a 

: sin. a, 

Q : X' : Y V. sin. (/3+/3') : sin. /3' 

: sin. /3, 

R : Y* : Z sin. (7 + 7 ) t sin. y 

: sin. 7 , 

S : Z' :T' :: sin. (5 + 5') ; sin. 5' 

: sin. 5. 


Now since the polygon is in equilibrium, the forces X, X', 
which draw AP in opposite directions, and each of which repre* 
sents the tension of that side, must necessarily be equal ; so must 
likewise Y, Y' be equal to one another, and Z, Z. Deducing, 
therefore, from the preceding analogies, the values of these 
forces, we shall have 

P sin. a 0, sin. /3 ' 

sin. (o + a) sin. (/3 + /30’ 

Q sin. /3| _ P sin. y 

sin. (/3 + /3') sin. (7 + y) ’ 

R sin. 7 S. sin. S' 

sin. (7 + y) sin. (5 + 5')" 
and these are the required conditions of equilibrium. 
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151. CoroU. 1. These formulas shew us at the same time 
the values of the tensions of the intermediate sides AB, BC, CD. 
The tensions also of the extreme sides AK, DK', are deduced 
from the same analogies, 

Psin. a _ S sin. ^ 

sin. (a + a^) ’ sin. (S+5") 

If the extremities K, K' of the polygon arc not fixt, then, in 
order to maintain the equilibrium, there must be applied the 
forces Kt = T, K’ t' = T', in the directions of the extreme sides 
AK, DK'. 

152. Coroll. 2. If the forces P, Q, P, S, applied to the 
angles of the polygon, all of them acted upon one point, and if 
the forces K t, K' ( , which represent the tensions of the extreme 
sides of the polygon also acted upon that same point, all these 
forces would be in equilibrium about that point. 

For resolving, as before, the forces P, Q, R, S, there would 
result so many pairs of forces equal and opposite to each other. 

153. Coroll. 3. The polygon being in a state of equilibrium, 
and any angular point, as C, being assumed, the resultant of all 
the forces applied to the polygon, from its beginning K to the 
point C, is equal to the tension of the side CD, which terminates 
in C. 

For, since the forces Kt and T, X and X', Y and Y', are 
equal and opposite to each other, the resultant of the forces 
Kt, T, X, X', Y, Y', Z, is evidently Z, which is the tension of 
the side CD. 

154. Coroll. 4. If the directions of the forces P, Q, R, S, 
bisect the corresponding angles of the polygon, the whole poly- 
gon is equally stretched, with a tension expressed by any of the 
forces divided by the double of the cosine of the angle which it 
makes with the string where it is applied. 

155. Coroll. If the polygon be closed, and regular, the 
drawing forces are equal ; each of them is to the tension of the 
polygon as the side of the polygon is to the radius of tlie circum- 
scribed circle ; and the sum of them all is to the tension of the 
polygon, as the perimeter of the polygon is to that radius. 

H 
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156. Scholium. To the above-mentioned conditions of 
equilibrium we may add this other, that the forces, applied to the 
angles of the polygon, act from within towards without, tending 
to remove the angles themselves to a greater distance from each 
other : whilst the sides of the polygon are supposed to be formed 
of threads, or strings, incapable of being lengthened, but capable 
of bending, so that the extremities of the sides may approach 
pach other. 

But if the sides are so many inflexible bars, simply resting 
against each other, without joints at the angles, it will be neces- 
sary that the forces act from without towards within, urging the 
angles to approach nearer to each other. For the ngidity of the 
sides resists this approach, but does not hinder the system from 
separating at the angles. 

Lastly, if the sides of the polygon are rigid bars, having joints 
at the angles, so that the angles may open or close, whilst the 
extremities of the sides cannot change their distance, it will be 
indifferent, as to the equilibrium, in what direction the forces 
act. 

It is, however, manifest, that those conditions, which secure 
the equilibrium of a polygon of flexible sides, secure also that of 
a polygon of rigid sides, simply resting against each other ; only 
that the directions of all the forces must be understood to be 
changed into their contraries. 
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CHAP. XXI. 


ON THE FUNICULAR POLYGON LOADED WITH WEIGHTS. 

157 . Proposition. The forces P, Q, R, S, (Fig. 19 .) 
applied to the polygon, being supposed to be parallel, to deter- 
mine the conditions of equilibrium. 

In this case, we shall have sin. a = sin. /3 ; sin. /B' = sin. y ; 
sin. y = sin. 5. Multiplying by these, the equations (150.) of > 
the polygon in its state of equilibrium, we shall have for the 
condidoDS of equilibrium, in a polygon drawn by parallel forces, 

P sm. a sin. a Q sin. /3 sin. /S' 

sin. (a -f- a) sin. (/3 -f- /3') 

R sin. y sin. y S sin. 5 sin. 
sin. (7 -f y) sin. {^ + S') ’ 
or, in another form, 

P ^ Q 
cot. a -F cot. a cot. /3 + cot. fi' 

_ R S 

cot. y -{• cot. y cot. S -f- cot. S' 

Wherefore, each of the forces, P, Q, R, S, is propordonal to 
the sum of the co-tangents of the angles into which its direction 
divides the angle of the polygon. 

158. Coroll. 1. In this case, the directions of the forces, 
and the whole polygon, necessarily lie in the same plane. 

For the second force BQ, which, by the hypothesis, is 
parallel to AP, must (146.) be in the same plane in which are 
the two sides AK, AB, and llie force AP. And in this plane 
will also lie the third side BC ; and therefore also, the third force 
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CR ; and so on to the last of them. The plane will be vertical, 
if the polygon be loaded with weights, as we here particularly 
suppose. 

159- Coroll. 2. Resolve the tension Kt, of the £rst side, 
into two forces, the one. A, horizontal, the other, V, vertical. In 
like manner, resolve the tension KY into two. A', horizontal, 
V, vertical. And since (152.) all the forces acting on the poly- 
gon, if they be supposed to be transferred to any one point of 
the system, must be in equilibrium, it is plain that A=A'; 

V+r=P + Q + R + s. 


Also A —A’ 


= Tsin. a = (151.) 


P.sin. a sin. a 
sin. (o + a) 


P 

cot. a 4- cot. a 


l6o. Coroll. 3. In general, the values of the tensions of the 
sides KA, AB, BC, CD, DK', expressed (150.) by T, X, Y, 
Z, T' , may be deduced as is shewn above in Art. 151, Resolv- 
ing each of these tensions into two forces, the one horizontal, the 
other vertical, the horizontal forces are found to be T.sin. a, 
X.sin. /3, T.sin. y, Z. sin. 5, T'. sin. S'; which expressions, by 
substituting in them the values of T, X, &c. become 


cot. a -J- cot. a ’ cot. /3-f-cot. /3' ’ ’ 

and, therefore, (157.) they are all equal to one another, and to A. 

Hence, the horizontal tension is constant through the whole 
polygon, and equal to one of the weights, as P, divided by the 
sum of the co-tangents of the respective angles a, a. 

l6l. Coroll. A. The absolute tensions of the strings AA,.^R, 


Sec. are, in their order, 


A A A A A 
sin. a ’ sin. fi ‘ sin. y ' sin. S ’ sin. S' * 


162. A remarkable property of this polygon is, that the 
directions of the extreme sides KA , K'D, produced, meet in 
some point of the vertical drawn through the common centre of 
gravity of the weights P, Q, R, S. 

This may be demonstrated by calculation, but more readily by 
considering, that this system is reducible to three forces : one 
of them is the resultant, or sum, of the weights P, Q, R, S, 
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which acts according to the vertical drawn through the centre of 
gravity : the other two are the tensions Kt, K't' , of the strings 
attached to the fixt points^ and these act in the directions 
AKjDK'. NoWj for three forces to be in equilibrium, it is 
necessary that their directions meet in a point. 

163. Scholium 1. If the .sides of the polygon are not flexible 
Strings, but bars, or rods, resting against each other, the forces 
ought (156.) to act in contrary directions, with respect to the 
angles of the polygon. Hence, if the polygon is loaded with 
weights, it will be necessary that it be inverted, so that the angle, 
which each side males with the direction of the weight, may be 
the supplement of that which it before made : and instead of 
hanging upon the props K, K', it must now be erected upon 
them. 

In other respects, the conditions and the properties of equili- 
brium are the same as before, and by the same formulas, the 
tensions of the sides are determined, which, in this case, ^ct in a 
contrary direction, and ought rather to be called pressures or 
stresses. 

164. Scholium 3. The rigid polygon, besides being loaded 
at its angles, may be also loaded in one or more points of its 
sides. Then, the weights, which load each side, must be resolved 
(40.) into two applied at the extremities of that side. By this 
method, all the weights which load the polygon, may always be 
understood to be applied at its angles. 
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CHAP. XXII. 


ON THF. FUNICULAR CURVE. 


165. Proposition I. To find the curve of equilibrium 
of a flexible thread AMB (Fig. 20.) acted upon, in all its points, 
by given forces. 

Let AP X, PM = y, AM = s ■, and taking for the ele- 
ment of the thread the small arc Mm = ds, let it be considered 
as constant. Let P, Q, be the forces applied to the point M, 
parallel to x and y respectively; and then (133.) the forces acting 
on the element Mm, will be Pds, Qds. I.iet T be the tension 
of the element, or indefinitely .small side, Mm ; which tension is 
exerted In the direction of that side, or according to the tangent 
Ml of the curve. Considering the curve as a funicular polygon 
of an infinite number of sides, the tension T must (133.) be the 
resultant of all the forces applied to the curve from the point A 
to the point M. And if the tension T be resolved into two 
forces, the one in the direction of x, the other in that of y, the 

1'dx Tdy 

former will be ; — , the latter — — — . Wherefore, 

ds ds 


Tdx 

ds 


=fPds -, - '^-^=/Qds : 


from which two equations if T be eliminated, there will result the 
required equation of the thread 

dyfPds - dxjQds = 0. 

166. Coroll. 1. From the same equations may be also found 
the value of T : for squaring them, and taking the sum, 

r’ = (fpdsf + (fQdsf. 
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Another expression for T may also be found by differentiating 
these two equations and taking their sum^ after havbg multiplied 
the first by dx, and the second by dy. For, since 
dx* + dy* = ds*, 
dx ddx + dy ddy = ds dds=: 0 ; 

— dr = Pdx -t* Qdy; 

T= C-f(Pdx + Qdy). 

167. Coroll. 2. If the thread be fixt to a nail at the extre- 
mity A, it is manifest, that amongst the forces applied to the curve 
from A to M, is included also the force At', which must be sub- 
stituted in A, to maintain the equilibrium, if the point A be free; 
and that this force At', is equal and contrary to the resultant of 
all the forces applied to the thread from A to B. Therefore 
this resultant will pass through the point of suspension A, and 
will there touch the curve A MB. 

l6S. Coroll. 3. The problem will scarcely be more diffi- 
cult, if the forces, which bend the thread, act in different planes. 
In that case, — dT = Pdx + Qdy -f- Rdz; and the double 
curvature of the thread will be expressed by any two of the three 
following equations : 

dy J'Pds — dx JQds = 0, 
dz J^Pds — dx J'Rds = 0, 
dz fQds — dy J’Rds = 0. 

169. Coroll. 4 . The curve, expressed by the equation of 
Art. 165, will also (156.) be the curve of equilibrium of an arch, 
composed of rigid and very small sides resting against each other. 
It is only requisite that the forces act in the contrary direction, 
that is, from without towards within. 

170. Coroll. 5 . If a flexible sheet be fastened to the circum- 
ference of a circle, of which CB (Fig. 20.) is the radius, and if, 
in every point of the circumference in it, which has PM — y for 
radius, it be acted upon by the forces P, Q: it is required to find 
the curve A MB, by the revolution of which about AC, is gene- 
rated the surface of the sheet in its state of equilibrium. 

Considering the equilibrium of the ungula BA b, the trape- 
zium Mq may be taken as its element. And since Mm — ds. 
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and Mp is proportional to y, this trapezium may be expressed by 
Jcyds, k being a constant coefficient. Hence, the forces acting 
on Mq will be Pkyds, Qkyds-, and the tension, T.Mp, may 
be expressed by the product Tky. Making these changes in the 
equations of equilibrium, we shall have — (Tdy) = Pydr+Qydy ; 
and there will result for the equation of the curve AMB, 
dy JPyds — dx J’Qyds = 0. 

If the forces P, Q, be turned inwards, the same curve AMB 
will produce, by its revolution, a vaulted shell, such that, being 
composed of an infinite number of small and rigid faces, as Mq, 
simply resting against each other, these by their mutual action 
will sustain one another. 

171. Scholium. If the sheet entirely surrounds the cir- 
cumference of the circle, so that, when it is cut by a plane per- 
pendicular to the axis AC, the section is a complete circle, 
having y for its radius, there may then be an equilibrium, even 
when dyJ'Pyds — dx J'Qyds < 0. For, supposing the sheet 

to be in a state of equilibrium, and to have for its equation 
dyJ'Pyds — dxJ'Qyds=xO, 

imagine any force to act on the element Mq, in the direction 
of PM, and an equal force to be applied, all round, to the other 
elements, which, together with Mq, compose the circular zone 
having y for its radius. It is manifest, that the equilibrium will 
not be disturbed ; since it is supposed that the fibres of the sheet 
do not admit of being lengthened in any direction, and therefore 
the zone does not admit of being enlarged. I1ie effect of tliis 
additional force is confined to the producing of a tension in the 
perimeter of the zone, which is measured in the manner laid down 
in Art. 155 ; but the equilibrium is completely preserved. Where- 
fore, in the equation dyfPy ds — dxj" Qyds = 0, the value of 
J'Qyds may be increased in any manner, and to any extent what- 
ever, without destroying the equilibrium. It is possible, there- 
fore, that dyJ'Pyds — dxJ'Qyds< 0. 

This will not be so, if there be applied to the zone passing 
through M q, a force in the direction of MP ; because there is 
nothing to hinder the whole zone from being reduced to a straighter 
circle by collapsing. Hence it is never possible that 
dyfPyds — diJ'Qyds> 0. 
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By applying a similar mode of reasoning to the vaulted shell, 
composed of solid and incompressible faces, and closed in all 
around, it may be shewn, that by adding any force whatever, ia 
the direction of MP, to all the points of eacii zone, the equili- 
brium is not disturbed. In this case, therefore, the value of 
J’Qyds may be diminished at pleasure, and it is possible that 
dyjfPi/ds — dxJ'Qyds> 0 . 

Upon the whole, therefore, for the entire sheet in a state of 
equilibrium, the equation of the curve AMB, proper fur the 
generation of its surface, is 

dy fPyds — dxfQyds = 0, or <0. 

And for the whole vaulted shell, it is 

dyfPyds — dxfQyds = 0, or?- 0. 

172. Proposition H. To find the curve of equilibrium of a 
thread, every where acted upon by forces perpendicular to the 
thread. 

This problem is a particular case of the preceding. Let A'rfs 
be the force perpendicular to the curve which urges the element 
ds. Resolving it into two, Pds, Qds, parallel to x and y, we 
shall have (33.) Pds=Ndi/, Qds= —Ndx. Therefore 065.) 
the equation of the curve will be 

dyfNdy — dxfNdx =0. 

173. Coroll. 1. Also (166.) — dT= Pdx Qdy = 0; 
whence T is a constant quantity ; and, .therefore, in a thread 
stretched by normal forces, the tension is every where the same. 


174. Coroll. 2. Let <p be the angle rMm, which the element 
of the curve ds makes with the direction of x; then di = ds 

T f/ X 

cos. <p, dy = ds sin. 0. But (l63.) — — - — —fPds; or 


— T cos. (f) = fNdy\ and, differentiating, 

Tdd>dy 

Ndy c= Td<p sin. (j> = — ^ 


whence there results the equation, of a very simple form, 
Nds = Td<j>. 

I 
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176- Coroll. 3. Let R be the radius of curvature of the 

ds 

curve, at the point M \ R = — — : whence the equation (174.) 

a<p 

T 

gives us .V = — ; and hence, we deduce this most remarkable 
it 


property, that the force applied to the curve is every where 
reciprocally proportional to the radius of curvature ; and 
conversely. 


176 . Coroll. 4. If a string, applied to the periphery of a 
resisting curve, is drawn at its two extremities by two forces, in 
the state of equilibrium, the two forces must be equal ; the string 
is every where equally stretched ; and the pressure which it exerts 
on each point of the curve, is inversely proportional to the radius 
of curvature. 


For the pressure of the string on the curve, to w'hich it clings, 
is (100.) every where perpendicular to the curve itself. Now the 
equilibrium will subsist, if we suppose, that the curve being 
removed, there are applied, to all the points of the string, forces 
equal and contrary to the pressures which the string exerted on 
the points of the curve immediately below it. llie case is, 
therefore, reduced to that of a string stretched by forces perpen- 
dicular to it. Wherefore, &c. 
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CHAP. XXIII. 


ON THE CATENARY. 

177- Proposition /. To find the curvature of a heavy 
cord, or chain, KAK' (Fig. 21.) suspended from two fiat points • 

K, K'. 

This is only a particular case of the preceding problem (165.). 

In order to obtain the equation of the curve in its simplest form, 
assume, for the origin of the abscissas, the lowest point A of the 
chain, and for the axis, the vertical straight line JB, put 
= X, PM = y, AM = s. The equilibrium of the chain 
will subsist, if the whole arc AK', be supposed to be cut off and 
removed, provided that there is applied to the point A, a force 
A t, equal to the horizontal tension of the curve, which we know 
(l60.) to be constant, and which w'e have called A. Now if the 
weight of the arc AM be called fl, we shall have J'Pds= — II, 
fQds = — A. Whence (165.) the equation of the curve will 
be — Tidy -[• Ad X = 0-, or. Tidy = Adi. 

178. Coroll. 1. If the lowest point A is loaded with a par- 
ticular weight V, then J Pds = — II — V, and the equation of 
the catenary is 

Tidy -f- Vdy = A dx. 

179' Coroll, 2. '^The tension at any point M will be (I66.) 
T— V"(II’-1-A*); whence it goes on always increasing from 
A to K. 

180. Coroll. 3. If the weight of the chain be uniform, 
n will be proportional to s, and may be made = ks, k being a 
constant factor. Hence the equation of the homogeneous cate- 
nary will be ksdif ■= Adx, instead of which we may write 
simply sdy = Adx ; recollecting that the constant quantity A 
then denotes the horizontal tension of the chain divided by the 
coefficient k. 
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181. Coroll. 4. In order to bring this equation into finite 
terms, it is to be observed that, since 


ds 




). 


if we put for — its value — , we shall have, between y and s, the 
dy A 

equation 


dy = 


Ads 


which being integrated so that y = 0, may give s =. 0, we have 

, , + V'U'‘ + *') 

3/ = A log. 2 . 

Hence, we have between x and s, the equation 

sds 

x/U * + 5 “) ’ 

which being integrated so that x = 0, may give s = 0, we have 
A -\- X = V'(A^ A' ^‘) '1 whence* = 1/(2 A x + x’) . 

Hence, lastly, the equation between x and y is 
yl+x+ 1/(2 4 x+x') 

V = 4 log. * . 


182. Coroll. 5. The length, therefore, of the homogeneous 
catenary, may always be found ; the arc s being a mean propor- 
tional between x and 2 4 -f- x. 

183. Coroll. 6. If it be required to describe a catenary, by 
determining any number of its points, it is necessary that the posi- 
tion of the extremities K, K' , and the length KAK' of the chain 
be given. Let then AQ=a, QK' = b, KAK’ = l, be given; 
and let KB = m, BA — n, KMA = A, be the quantities to be 
determined. If, in the equations 

* = i/(2 4x A- X’), y — A log. ^ ^ , x= w, 

4 

ihen^ = m, and s= A ; and if x = « — A, then f/ = a —m, s—l—h. 
Hence, we have four equations, by which are determined the 
quantities m, n, h, A. 

I’hus the position of the axis AB having been found, and the 
constant quantity 4 having been determined, all the points of the 
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catenary will be determined by means of the equation between 
X and y. 

184. Coroll. 4. Further, the mechanical description of the 
homogeneous catenary, is rendered very easy, by marking, on a 
vertical plane, the track of an uniform chain attached to two fixt 
points. When the sagitta is sufficiently small, the course of this 
curve approaches nearly to that of the cycloid, or to that of the 
parabola. For in that case, the arc s differs little from the ordi- 
nate y ; and the equation, sdy = Adx, may be exchanged for 
sds = Adx, which belongs to the cycloid; or lot ydy — Adx, 
which belongs to the parabola. 

Galileo is, without foundation, repeatedly accused of having 
confounded the catenary with the parabola ; he has merely noticed 
the similarity which exists between these two curves. 


185. Coroll. 8. We may determine, very nearly, by a very 
ea.sy rule, the altitude of the bend, which a cord, attached to two 
points in the same horizontal straight line, will make in its bisec- 
tion, when it is stretched by a weight very heavy in comparison of 
its own weight. 

Let L be the length of the cord, p its weight, and P the 
stretching weight; we shall have, very nearly, ,s = | L, and 


l—±_ 

A 2P‘ 


And the equation used (184.) for the purpose of ap- 


proximation, sds = Adx, will give the sagitta x 


^A~ SP' 


186. Proposition II. If from the circumference of an hori- 
zontal circle, having BK (Fig. 21.) for its radius, a sheet be sus- 
pended, which is loaded with weights uniformly distributed in 
every horizontal section, it is required to find the curve AMK, 
which, by its revolution about the axis AB, would generate the 
surface of the sheet. 

The very small ungula KAk, may be considered as a cate- 
nary fixt at the two extremities Kk and A. Let the trapezium 
Mq be taken for the element of this ungula. And, because its 
base Mp is proportional to y, the weight of the trapezium Mq 
may be expressed by ydW\ whence the weight of the partial 
ungula MAP will be f ydW. If, then, in the equation of the 
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linear catenary (177.) instead of O there be put f^dVl, we shall 
have the equation sought of the curve AMK •, which will be 
dy J ydUl — Adx. 

187- CoroU. 1. If the lowest point A were loaded with a 
particular weight F, the equation would be 
dyfydir + Vdy= Adx. 

188. Coroll. 2. If the weight be uniformly diffused through- 
out the whole surface of the sheet, JII will be proportional to 
ds, and we shall have kdyj'y ds = Adx; or, more simply (180.) 
dyfyds = Adx. 

189. ScHOLiu.M 1. If Fig. 21. be inverted, so that the angle, 
which each element of the curve makes with the direction of the 
weight, may be the supplement of that which it made before, it 
is manifest (163.) that the curve of equilibrium of a vaulted sur- 
face, composed of small rigid faces, heavy or loaded, and resting 
against each other is a catenary. And, calling fl the weight of the 
arc, its equation is II dy = Adx. 

It is also manifest, that the surface of equilibrium of a cupola, 
composed of very narrow, heavy, or loaded circular zones, is ge- 
nerated by the revolution of a curve, which, calling ydVl (he 
weight of an elementary zone, has for its equation dyfydYl^^Adi. 

190. Scholium 2. Conformably to what was said in Art. 
171, it will be proper, in the last place, to remark, that if the 
sheet extend round the whole circumference of the circle, and be 
composed of fibres, which do not admit of being lengthened, by 
stretching, in any direction, it is also possible that 

dyfydW < Adxx 

and, on the other hand, if the cupola be entire, it is possible that 
dy fydT\ > Adx. 

Hence, the equation, or rather the general condition of the 
curves, which, by revolving about a vertical axis, can generate the 
equipoised surface of a heavy sheet, is 

dy fydW = Adx, or < Adx ; 

and the general condition of the curves, which can generate the 
surface of an equipoised cupola, is 

dy fy n = Adi, or > Adx. 
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CHAP. XXIV. 


ON THE ELASTIC CURVE. 


191. If a straight rod, or lamina AL (Fig. 22.) when bent 
into the form Ali, exerts a force to recover its former straight 
position, the rod is called Elastic, and the force, which tends to 
straighten it, is termed Elasticity. 

This force, acting upon every small arc Mm of the lamina, 
tends to make the arc turn about its extremity M, so as to bring it 
into the direction of the contiguous small arc /iM. Hence, it 
acts with a certain momentum of rotation, with respect to the 
point M, or rather with respect to an axis perpendicular to the 
plane, in which the lamina lies, and passing through M. As to 
the value of this momentum, we shall assume for the present, 
the following hypothesis. 

192. Hypothesis. The momentum of elasticity for every 
point M , of the bent elastic lamina AMB, is inversely propor- 
tional to the radius of curvature of the curve AMB at the point M. 

Let R be this radius. The momentum of elasticity will be 

expressed by ; E being a quantity which is constant for the 
Jt 

same lamina when it is homogeneous, and of uniform thickness, 
blit which may be different in different laminas. 


193. Proposition I. To find the curve of equilibrium of 
an homogeneous elastic lamina, acted upon in all its points by 
given forces. 


Since the small arc Mm (Fig. 22.) tends to turn about the 
point M, and the momentum of this force is in order to the 

MX 
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equilibrium of the curve it is requisite, that the resultant of all the 
forces, applied to it from the point A to the point M, produce 
not only the tension T, according to the tangent Mt, but also a 
normal force N, which tends to turn the arc about M in a con- 
trary direction, and with an equal momentum. Let then N.oj be 
the momentum of this force, oj being the distance of its direction 

from the point M. Wlierefore, Nm = And because, in 

li 

passing from the point iW to the indefinitely near point m, the 

' E E 

momentum of elasticity becomes — +d. — , and the mo- 
il /i 

mentum of the force N becomes jY(co-|- </.?), for the point wi we 

E E 

shall necessarily have JV (to </s) = ^'jT' 


Nds=d.^. 

Now, preserving the notation of Art. 1(35, the resultant of all 
the forces applied to the lamina from A to M, is reduced to tw o 
forces J'Pds, J'Qds, parallel respectively to x and y. For 
these forces if other two be substituted, the one T, according to 
the tangent, the other .V, according to the normal, there re- 
sults (34.) 


diJ'Pds -t- di/fQds _ dy fPds — dxJ'Qds 

^ dT^ ’ ‘ ~ ds “ • 

The first formula gives us the tension of the lamina in M : 
the second gives us the normal force Y, which, substituted in the 

E 

equation Nds =rf.-— will give for, the equation of the curve 


A MB 


dy fP ds — d I f Q, ds = • 

194 . Scholium. If the lamina were not homogeneous, or 
if the momentum of elasticity were not supposed to be inversely 
proportional to the radius of curvature, then, instead of expressing 

E . 

that momentum by — , w-e might denote it simply bv E ; under- 
K 
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standing by E, no lunger a constant but a variable quantity, which 
is a function of s : and, instead of the equation of Art. 193, we 
should have 

dy fPds — dxfQds = d E. 

195 . Proposition 'll. To find the figure of an horizontal 
elastic lamina AL, (Fig. 22.) fixt at its extremity A, after it has 
been bent into the figure A MB by a force BS, applied to the 
other extremity B. 

The lamina being fixt in A, we may suppose (167.) such a 
force applied to the point A, as would maintain the equilibrium, 
if the point became free. If the direction BS pass through A, 
the force to be applied at A will be equal and contrary to BS. 
But if not, the lamina must needs be fixt, not in the single ex- 
treme point A, but in the extreme very small line Aa, or in the 
two points A, a. Then, resolving (40.) the force BS into Iwo 
ah, AH, parallel to it, and applied at a. A, the forces ah, AH, 
will be capable of maintaining the equilibrium, the system being 
rendered free. But (37-) oh — AH = BS. Wherefore, the 
force, which must be supposed to be applied to, the small line 
A a, will be equal and parallel to BS, but will have a contrary 
direction. 

Resolve now BS into two forces, the one, — F, horizontal, the 
other, G, vertical. These two forces will act at the very begin- 
ning A o of the curve ; so that J’Pds= — G,J'Qds=F; and 
( 193 .) the equation of the curve A MB will be 

E F 

d — Fdx — Gdy ; whence — = C — Fx — Gy. 


19 ^" CoroU. 1. To determine the constant quantity C, it 
must be observed that, in the last element C B, the inflexion must 
vanish, because the force B, immediately applied to it, has but 
an indefinitely small momentum to make it turn about c. Where- 
fore, calling AC = a, CB = b, when x — a, and y = b, then 



The constant quantity having been thus determined. 


the equation will be 

^ = F (a — x) + G(b — y). 


K 
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197' CoroU. 2. If the lamina be bent by the force of a 
weight G, hanging from the extremity B, then — = Gift — y)\ 

MX 

M'hence the radius of curvature, at any point M of the lamina, is 
inversely proportional to the horizontal distance of that point 
from the extremity B. 


198. CoroU. .1. If the element ds be assumed to be con- 


stant, we have It = 


dsdy 


; whence, the equation between the 


ddi 

co-ordinates of the curve is 

Eddx = G (b—y) dady, 
which is not integrable in finite tenns. 

But, if the flexure of the lamina be very small, we may make 
ds = dy •, and then, since the element dy may also be considered 
as constant, we shall have 

dx 

and. integrating so that y = 0 may render — = 0, there 


results 


dy 


Edi 


= Gby-^Gy^-, 


again, integrating, 

6Ex = 3GIty^ - Gy\ 
an equation belonging to a cubical parabola. 


199- Proposition III. To find the figure of the elastic 
lamina AB (Fig. 23 .) placed vertically, and bent by.the force of 
a weight G, placed on its top. 

Here it is manifest, that, if AP=s, PM = y, AM = j, then 
fPds = G, f Clds = 0; whence (193.) Gdy \ and, 

E 

integrating, — = Gy. Nor is any correction necessary ; be- 
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cause, for the reason before assigned (196.) at the point A where 

£ 

y = 0, there — = 0. Wherefore, at any point M of the bent 
ft 

lamina, the radius of curvature is inversely proportional to tlie 
depth PM of the bend. 

dsdx 


200. Coroll. 1. Making ds constant, we have R = 




whence the equation between the co-ordinates of the curve will 
be Eddy = — Gy dsdx. If the flexure be very small, we may 
assume the element dx = ds, and constant ; and the equation 
will become 

Let RS — f, the greatest depth of the curve, so that the 
tangent at S is vertical. Multiplying the equation by 2dy, and 

integrating it so that y =f may render = 0, we shall have 


Edy^ 


G (/*-/); ordx 




dy 


./E . . y 

grating again, x = y — . Arc. sin. ox y 


G- /’ G- 

201. Coroll. 9.. If j=.ifB=o, then must y=0. Where- 
fore / sin. a \/^ = 0 ; whence a \/^ =a''C . sin. 0 = ir; 

and G = — Thisj weight G 

a 

must have, in order to produce in the lamina a very small 
flexure. 

If G < — , it cannot satisfy the equation y. sin. n ~ 

a' 

unless /=0. Thus y=0; so that the lamina will not bend at 
all any where. 
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E ‘jt" 

And if G > — the equation, f. sin. 


= 0, will lead 


to the same conclusion, and will shew that the lamina cannot 
bend. But such a conclusion cannot, in tliis case, be at all 
admitted ; it being manifest that the lamina, once bent, must, by 
the addition of the new weight, bend the more. Here we ought 
rather to say, that, the flexure being no longer very small, the 


equation, y = / sin. x 



is no longer proper to represent the 


figure of the arc of the lamina. 


202. Coroll. 3. If G = — — , the ordinate =y, answers 

to the abscissa x — ^a\ whence it appears that the greatest 
depth RS of the bend falls in the middle of the height. 
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ON MOTION. 


Section I. 

ON THE MOTION OF A POINT. 


, CHAP. I. 

ON EQUABLE AND ON VARIABLE MOTION. 

203. In equable motion the velocity continues constant; in 
variable it goes on increasing or lessening ; in the former of 
which cases the motion is said to be accelerated, in the latter to 
be retarded. Equable motion is caused by a force which, after 
having communicated to the moveable body a determinate velocity, 
ceases to act upon it; the body, by its inertia (7.) preserving the 
velocity impressed on it. Variable motion is caused by a force 
which, acting continually upon the moveable body, goes on at every 
instant increasing or diminishing its velocity. Such a force is 
called accelerating or retarding, and is measured at each instant 
by the ratio of that very small increment or decrement of velocity, 
which it causes in the moveable body, to that very small time in 
which the increment or decrement is caused. 

204. If this ratio be constant, so that in equal times equal 
degrees of velocity are added to, or taken from, the moveable 
body, the accelerating, or retarding, force is constant, and the 
motion derived from it is said to be equally accelerated or 
retarded. 
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From what has been said, the following propositions are easily 
deduced. 

i 

5205. Propositioit /. In equable motion, the velocity 
being constant, the spaces past over are proportional to the times 
in which they are past over. 

5206 . Proposition II. In the case of a variable motion, 
calling <p the accelerating force, u the velocity, s the space, and 
t the time, the relation between these quantities is determined by 
the two equations 

ds du 

307 . Coroll. I . From these two equations eliminating first t, 
and then u, are deduced the two other equations , 

ds 

<p . ds = ndu ; <j> ,dt = 

which, being contained in the two first, do not afford any new 
determination. 

208. Co}'6ll. 2. Having, then, two equations between the 
four indeterminate quantities <p, u, s, t, if any two of them be 
given, the other two will be known ; and if one'only be given, 
the relation, which subsists between any two of the others, will 
be known. 

209- Coroll. 3. The preceding equations relate immediately 
to an accelerated motion ; they are adapted to a retarded motion 
by making du negative. 
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\ 


CHAP. II. 


ON MOTION EQOABLV ACCELERATED OR RETARDED. 


210. Proposition I. In the equably accelerated motion 
of a body moving from a state of rest, and acted upon by a 
constant accelerating force g, the following equations obtain; 

u' gt^ 

H = et \ s = — :* = — , 

® 2g 2 

the last of which is contained in the two first. 


For, if (p — g, the equation (206.), <pdt = du, integrated, 
becomes u=gt\ also the other equation, 0</s = udu, becomes, 

i 

u 

in like manner, g* = ~ ; and, lastly, from the two first equa- 

tions, eliminating «, there results the third * = — . Nor is it 

2 


necessary to correct the integrations by the addition of constant 
quantities, because, according to the hypothesis, m, s , t, vanish 
simultaneously. 


211. Coroll. 1 . The velocities, therefore, increase as the 
times; and the spaces as the squares of the times or of the 
velocities. 


212. Coroll. 2. The spaces described in equal and succes- 
sive intervals of time, reckoned from tlie beginning of motion, are 
in the ratio of the odd numbers 1, 3, 5, 7, &c. 


213. Coroll. 3. If the moving body has, in the time t, 
described the space s with an equably accelerated motion, and 
has acquired the velocity u ; and if then for an equal time t it 
it continues to move with an equable motion and with the acquired 
velocity u, it will describe the space 2 s. 
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214. ■ Coroii. 4. The measure of the constant accelerating 
force g is obtained, when the space, which the moveable body 

^ , 2.S 

has described in a given time t, is known. For g = . 


215. Carol/. 5. The above-mentioned equatibns hold, when 
the body moves from a state of rest, as was laid down ; but if it 
has a velocity c already impressed, this must be taken into account 
by determining constant quantities to be added to the integrals of 
<l>dt = du, and of <pds = u du. Thus, instead of the first three 
equations, we shall have the three following; 


u = c + gt -, s = - 


M* - C’ 




s = cf + 


s f 


2 1 6 . Proposition II. In an equably retarded motion, if c be 
die initial velocity of the body moving in a direction contrary to 
that of the retarding force, the following equations obtain ; 


It = c—gt; s = 


2 2 
f — u 


; i = ct . 

2 g 2 


These equations are readily obtained from the integration of 
the general equations (209.) <pdt= — du ; (f>ds— — udu. 

217. Coroll. 1. The duration of this motion, and the space 
past over until the extinction of the impressed velocity c, are 
expressed as follows ; 

c c~ 



218. C 'oroll. 2. This time, and this space, are (210.) pre- 
cisely the same, as those in which the body, moving from a state 
of rest, with an equably accelerated motion, would acquire the 
velocity c. Wherefore, if, 'after the impressed velocity has been 
destroyed, the accelerating force continue to act, the body will 
pursue the same track, and will return, in an equal time, to the 
point whence it set out ; and, when it has arrived there, it will 
have acquired, in an opposite direction, the initial velocity c. 

219. Coroll. S. In an equably retarded motion the velocities, 
at any points, are as the times to the cessation of motion ; 
and the spaces which remain to be described in those times, are 
as the squares of those times or of the velocities. 
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CHAP. III. 


ON THE VERTIC.4L MOTION OK HEAVY BODIES. 

220. Proposition. The motion of heavy bodies^ in 
their free vertical descent, is an equably accelerated motion ; and 
in their ascent, it is an equably retarded motion. 

This is evident from gravity being (38.) a constant force, and 
continually applied in a vertical direction. 

221. Coroll. 1. If it be assumed that a heavy body, falling 
freely from rest, describes, in l", the space 16.09 English feet, 
or 4.9044 French metres, then, taking l" for the unity of time, 
and a metre for the unity of space, we shall have (214.) for the 
expression of this accelerating force g = 9-8088. 

222. Coroll. 2. If, then, it be required to find the velocity 
acquired, or the space described, by a heavy body falling for a 
given time t, or conversely, the following forms must be used, 

M = 9.8088 <; t = 0.1019 w, 
s = 4.9044 C-, / = 0.4515.y.s. 

223. Coroll. 3. If it be required to find the velocity acquired 
by a heavy body falling through a given space s, or, as it is called, 
the velocity due to the altitude a ; or, conversely, the velocity 
being given, to find the space due to it, the formulas are 

u = 4.4292\/ s ; s = 0.0310 

224. Coroll. 4. A body projected directly upwards, with a 
velocity c, will ascend, in the time 0. 1019f, to the height 
0.0510 c'. Thence, it will begin to descend ; and, in a time 
equal to that of its ascent, it will return to the point whence it 
was projected, having acquired the velocity of projection c. 

225. Scholium. In this, and in the following Chapters, 
the body is considered as if it were an atom or material point, 
no regard being had to mass or figure. In its proper place, we 
shall see that these latter affections do not change the free 
motion produced bv gravitv. 

L 
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CHAP. IV. 


ON THE vertical MOTION OF HEAVY BODIES IN 
RESISTING MEDIUMS. 


226. Hypothesis. The resistance of the air, and of 
every other fluid medium, in like circumstances, is proportional 
to the square of the velocity of the body which moves in it. 

This retarding force may, therefore, be expressed by h* multi- . 
plied by a constant coefficient, which, for the convenience of cal- 
culation, we shall call gA'*; so that the retarding force is gA‘*M*. 
The constant coefficient depends upon the figure of the body, and 
upon the ratio of its specific gravity to that of the ffnid : whence, 
the value of k is the same for the same body and for the same fluid, 
but changes in different bodies and in different mediums, accord- 
ing to laws which are taught in the science of Hydraulics. 


227. Proposition /. If a heavy body descend from 
rest, through a resisting medium, to find the relation between the 
space, the time, and the velocity. 

Here the accelerating force is g— gA*u^. Wherefore, making 
=g(l —k'u^), the equations (pdt = du, and <pds — udu, 
become 


gdt 


du 

1 -A*«*’ 


gds 


udu 

1 - A- '-'u ' ■ 


if these two equations be integrated, by determining the neces- 
sary constant quantities, upon the supposition that when t — 0 , 
then s = 0, « = 0, there result the two equations 


Cr*' 1 

e — 1 


" A ■ 


-t" 1 


2gA-' 


log. 


\-k^n 


• 


whence, eliminating u, we have the third equation 


I (-tfc 




-H c 
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228, Coroll. The velocity of the descending heavy body can 

never exceed, nor even reach, the limit « = - . ’It approaches, 

however, indefinitely near to this limit, and the motion becomes 
very nearly uniform after a certain time, which is the shorter, in 
proportion as the coefficient k of resistance is greater. 


229 . Proposition II. If a heavy body ascend vertically 
through a resisting medium, projected with a given velocity c, to 
find the relation between the space, the lime and the velocity. 

Here, the retarding force is g + whence, making 

<p=g{i the equations <pdt = — du, <f)ds = — udu, 

become 


gdt = 


— du 

r+iv’ 


gds = 


— udu 
1 + k^u'^' 


Hence, integrating and determining the constant quantities, so 
that when t =0, then s=0, u = c, it will be found that 

_ 1 kc — tan: gkt _ 1 . 1 + 

k 1 +kctan.gkt' 2gA' ^ 1 +A*m*’ 
and eliminating u 

s = — 7 j log (cos. gkt + kc sin. gkt). 
ek 


230. Coroll. The duration of this motion and the height of 
the ascent are obtained, by putting, in the preceding equations, 
« = 0; whence 

f = — arc tan. Ac : s = — — log. (1 +A*c*). 
gk 2gA* 
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CHAP. V. 


ON CURVILINEAR MOTION. 


2.31. Proposition. To determine the motion of a 
point acted upon by more than one force. 

Let the position of the moveable point be referred to three 
co-ordinates x, y, z, and let the acting forces be reduced to three 
P, Q, Tt, parallel to these co-ordinates. Then, ds being the 
small arc, which the point will describe in the time dt, its velocity 

will be u = — . And because (19.) ds is the diagonal of a 


parallelepiped, which has for its sides dx, dy, dz, the moveable 
point cannot, in the instant dt, describe the small arc ds, with- 
out at the same time describing, in the directions of the ordinates 
X, y, 2, the small spaces dx, dy, dz ; for, instead of the velocity 

ds . . . . . dx 

— , It may be conceived to move with the three velocities — , 
dt ^ dt 


dy dz . . 

- , — , parallel to the ordinates x, y, i. Hence the equa- 


tion (207.) <f>dt = d . ~ ; will give these three 
dt 


Pdt = d. 


dt' 


Qdt = d.^: Rdt = d.^. 

dt dt 


232. Coroll. I . These equations contain 'the complete deter- * 

mination of the motion. For, 1st, integrating, we shall have 

, . , ... dx dy dz 

the partial velocities -r , -f- , — , 

^ dt dt dt 


from the composition of 


which results the absolute velocity of the point; 2dly, integrating 
afresh, we shall have the ordinate.s x, y, z, expressed in terms of 
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t, and thus we shall know the place of the point at any instant ; 
3dly, eliminating t, there will remain two equations between 
x,y, 2 ; which will be those of the trajectory, or curve described 
by the moveable point. 


333. Coroll. 2. If the co-ordinates be at right angles to 
each other^ then udu = Pdx + Qdy + Rdz. 

For, considering the element dt as constant, the equations 
(231.) of the motion are. 


dC 


multiply them by dx, dy, dz, respectively, and take their sum, 
and 


P dx + Qdy + Rdz = 


dxddx -|- dy ddy + dzddz 


but, the ordinates being rectangular, 

dx^ + dy'^ +dz*=ds*; 
whence, dxddx dyddy + dzddz = dsdds, 

and Pdx + Qdy + Rdz = — udu. 


234. Coroll, 3. If the forces, which act on the moveable 
point, be all in one plane, two ordinates x, y, will suffice ; the 
trajectory will lie wholly in that plane, and its equation will be 
obtained, by eliminating t, from the two equations 



Qdt^d 


dt ' 
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CHAP. VI. 


ON HEAVY BODIES PROJECTED OBLIQUELY. 


235. JPropositjon. If a heavy body be projected, ob- 
liquely to the vertical line, with a velocity due to the altitude H, 
and if the abscissa x be taken in the vertical line drawn through 
the point of projection, and the ordinate y parallel to the d'uec- 
tion of projection, the equation of the curve described by the 
projectile is_y’ = 4//r. 

Resuming the general equations (231.) 

Pdt=d.^ . Qdt = d.^ , 
dt dt 


since P=g, Q = 0, we shall have at the first integration, 

A . -n. 


To determine the constant quantities, it must be observed 
that when f = 0, the velocity in the direction of x — 0, and the 
velocity in the direction of _»/ is that due to the altitude H, or it 
is = 2g H. Substituting these values, and repeating the in- 
tegration, we have 

y = ‘\/'^gn> 

without tlie need of any new constant quantities ; because < = O, 
gives x = 0, y = 0 : and, eliminating t, y® = 4Hx. 

236. Carol/. 1. The trajectory of heavy bodies, projected 
obliquely, is a parabola, having for its diameter the vertical drawn 
through the point of projection ; and the parameter of this para- 
bola is the quadruple of the height due to the velocity of 
projection. 
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237- Coroll. i. Let the co-ordinates be changed, and 
instead of taking AP (Fig. 24.) for the abscissa x, and PM for 
the ordinate^, assume the horizontal straight line AQ = z for the 
abscissa, and the vertical QM = u for the ordinate : let the 

angle of elevation, or of projection, TAQ = f; then if the hori- 
zontal straight line PR be drawn through P meeting MQ pro- 
duced in R, 


MR = PM sin.y’; PR = PM cos./ ; 
or, M -F X = y sin.y ; z = y cos./. 

Whence, u = z tnn.f — x. 


V 

But (2.‘}5.) x= = 


4 // 4 // cos.*y 

. z’ 

M = r tan. / - — — — 

4.//cos.’*y 


. ; therefore, lastly, 


238. Coroll. 3. The greatest value of m belongs to the 
vertex of the parabola, indicating the greatest height to which the 
projectile can rise. It corresponds to the point where 
2 = H .sin.Zf ; u = H.sin.'^f. 

Hence it may readily be found, either by calculation or by geo- 
metrical construction. 


239* Coroll. 4. Calling the horizontal reach, or the range, 
AB = A, 

A — Q. H sin. 2 f. 

The range is greatest when the angle of projection is half a 
right angle, and then A=9, H •, also the ranges are equal, at two 
angles of projection, the one of which exceeds half a right angle 
as much as the other falls short of it. 

240. Coroll. 5. Two of the three quantities H,f being 
given, the third may be found ; and, more generally, three of 
the four quantities u, z, H,f, being given, the fourth may be 
found by means of the equations of Art. 237. 

Let it be required, for example, to find what must be the ele- 
vation of the projection, in order that the projectile thrown with 
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a given velocity, may hit a given mark, tlie co-ordinates of which 
are z — a, u = b. 


We shall have, (237-) 

b = a tan.y 

1 


4 . H cos.“y 


But j-y= 1 + tan.* /'; substituting this value and re- 

solving the quadratic equation, we obtain 


tan. f — 


2 /f ± \/(4 //* - 4 i f/ - a*) 


Generally speaking, therefore, a given mark may be hit by 
two different throw's ; but if 4 A /f -|- a’ > 4 i/*, both the values 
become imaginary, and the problem is impossible. 


1 




•*>' V 
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CHAP VII. 


ON THE P.\TH Of PROJECTILES JN THE AIR. 


241. IjET gR express the resistance of the nieduiin. This 
force being exerted in the direction of the element rfs of the curve 
described by the projectile, if tlie curve be referred to an hori- 
zontal axis drawn through the point of projection, if tlie horizon- 
tal abscissas be called t, the vertical ordinates y; and if the 
resistance g il be resolved into two forces, the one parallel to x, 

fi X 

the other to y ; the first shall be gR — , and the second 

g R ^ . The heavy body will therefore be acted upon in the 

dx 

direction of x by the force ~ gR — , and then in the direction 

as 

rn , ■ 

of y by the force ~ g ~ gR Thus, the investigation ot 

the trajectoi 7 will be reduced to the general problem of Art. 231. 

242. Proposition. To determine the trajectory of a heavy 
body in a resisting medium. 

From Art. 231. we have the equations 

„ dx , , dx 

- gdt - gR^^ dl = 

^ ds dt 

from which f is to be eliminated. Differentiating the second 
member of botli equations, on the supposition that dr is constant, 

M 
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and 'Substituting in the second, from the first equation, the value 
of ddt, there will result 

ds ddt = gRdt^ ; ddy = — gdt'*: 

And, differentiating the last equation, 

d^y — — igdtddt. 

It is easy to eliminate from these equations the elements 
dt,ddt\ whence 

<2.R(ddyY+ dsd^y = 0, 

which is the equation of the trajectory. Hence the law of resist- 
ance being given, the curve described by the projectile will be 
known, and conversely. 

243. Coroll. 1. If the resistance be proportional to the 
square of the velocity, put g R = gk^u^ gl^* • 


Now dt‘‘ — 


ddy 

g 


therefore R = •- : 

ddy 

whence, the equation of the trajectory becomes 

d^ y 

J 2 ~^=igk ds; 

and, integrating, 


ddy 

dx'‘ 


A e •»*'' 


To determine the constant quantity A, for ddy put its value 
— gdr’(44S.); and 

dt'" J 


But, ify be the angle of elevation, and H the space due to 
the velocity of projection, at the beginning of motion, when s = 0, 

dx 

the horizontal velocity = cos.fy/igH. 


Hence 4= — — 

2 // cos. ' f' 
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and the equation becomes 

ddy e*» 

~d^ ^ ~ 2/f cos.*/' 

344. Coroll. 2. A first integral of this equation may be 

easily obtained. Put^ for abridgement, igk'—h, and^=/>; 

dx 


and the equation will become 

^ _ e*' 

dx 2 // cos. */ 

Multiplying this by the identical equation dx +p'^)z=ds, 
and then integrating, we shall have 

p V(\ + /) + log. {p + ✓(! + p*)} = C - Y 

The constant quantity C is determined, by considering that 
when s =0, thenp = tan./. 

It is not possible, however, to proceed further with the inte- 
gration ; and it therefore becomes necessary to search for expe- 
dients, from which we may know, by an approximation, the course 
of the trajectory. 
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CHAP. VIII. 


A METHOD OF DESCRIBING, BY APPROXIMATION, THE 
TRAJECTORY OF A HEAVY BODY PROJECTED OBLIQUELY 
IN THE AIR. 

345. Eliminating s from the equations of the preceding 
article, and for the sake of brevity, putting 

P V'(l + p') + log. Ip 4- V'd + p*)} = P, 

we shall have di = - ■- ; 

P h — Cn 

whence dy = pdx = i 

wfcreforc, , =/ , =/ . 

If these formulas could be integrated, we should have x and y 
in terms of p ; and, eliminating p, we should have the equation of 
the trajectory. But, since these formulas cannot be integrated 
in finite terms, it will avail us to follow the method taught by 
Euler ; so as to obtain the integrals by approximation. As this 
method may be useful, as well here as in other physico-mathema- 
tical problems, the application of it to this case deserves to be 
shewn. 

246. Lemma. If y = J'Xdi; if when x = a , theny = 6 ; 
if when x = a, a + o, a + 2^, a + 3^.... a + then 
X = A, A', A", A'". . . . and if the difference S be very 
small, the value of the integral J'Xdx, from x — a, to x = 
a + nh, will hey—b + S { 2 -^ + + 4" + A"'. . . . + 

In the very small interval between x = a, and x = a + it 
may be assumed that the function X remains constant. And be- 
cause at the begioniiig of this interval A’ == A , and at the end, 
A' = A ', we may assume for this constant value the arithmetic 
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mean X = -^A + ^ A'. Wherefore, for this interval, we shall 
have Xdx = -|- | A') \ and the value of y from x = a, to 

X = a + 5, will he y = b + 5 (f A + | A'). 

For the next interval, comprised between x = a + 5 and 
X = a + 2^, we may similarly consider X = i A' + ■§ A”; 
whence Xdx = 5 (J.A' + iA"). Adding this value of Xdx 
to the preceding, it appears that the value of y from x = a, to 
X = a 2S, is y = A + ^ (i A + A' + ^ A") : and so on, to 
the last. 


247 " Proposition I. To construct the trajectory of 
a heavy body projected obliquely in the air. 

Applying tlie Lemma (246.) to the integrals of Art. 245, and 


beginning with 


=/, 




PA - CA 


we know that when p = tan.y. 


then X = 0. Now since the tangent p of the angle, which the 
curve makes with the direction of x, becomes gradually less and 
less, unUl at the verte.x of the curve it is nothing, and afterwards 
becomes negative, and goes on increasing in the descending branch, 
make, succes.sively, p = tan. y, tan f — S, tan. y — 2S, tan. 
f — sS, &c. until p = 0; and then p = — 5, — 2 S, — sS, &c. 
ad infinitum ; taking for o any number at pleasure ; and the smaller 
it is taken the more exact will be the description of the curve. 
Calculate the values A, A', A", A’", &.c. of the quantity 


1 

Ph-Ch’ 


when p becomes successively tan.y, tan.y — S, &c. 


Then, putting successively n = I, 2, 3, &c. ad infinitum, we 
shall have (246.) the values of x which correspond to the angles 
wherep = tan.y — 5, tan.y — 2^, &c. ad infinitum. 


Also, by the other equation y 


^ Ph- 


, the values may 


be found, which 


P 

Ph-Ch 


acquires, when p becomes tan. f, 


tan. f—S, Sic.: and proceeding in like manner, the values of y 
will be known, which correspond to the same angles, where 
p = tan.y— tan,y— 2^, &c. 


Wherefore, we shall have the abscissas x, and the correspond- 
ing ordinates y, of all the points of the curve, in which p becomes 
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successively tan. f — S, tan. _/' — 2^, 8cc. We can, therefore, 
mark out the scries of points through M'hich the trajectory must 
pass, and thus we can trace its course. 

248. CoroU. 1. The ordinate y which is found to correspond 
to p = 0, will be the altitude of the projection ; and the corres- 
ponding abscissa x will be the amplitude of the ascending 
branch. Pursuing the calculation to where ^ =0, the correspond- 
ing abscissa will be the total amplitude of the projection ; and 
the corresponding value of p will shew the angle at which the 
descending branch of the curve cuts the axis. 


249 . Coroll. 2. Beyond that point, the ordinate y becomes 
negative and increases indefinitely ; not so the abscissa x, which 
has a limit, that it does not pass ; whence we may conclude tliat 
the descending branch of the curve has a vertical assymptote. 

For, when p is negative, we have 
P = _ p V/(l -I- p*) -1- log. { -p+ t/(l+p®)}. 


But — p-j- V'fl + p*) = 


P -P V^(l -h p*)’ 
therefore P = — p V^(l -hp*) — log. \p V^(lp*)}. 


And if p, besides being negative, be very great, we may assume 
V^(l -Hp*) = p, and the logarithm may be neglected ; because 
the logarithm is inconsiderable when compared with the number 
itself. W’hen, therefore, p is negative and very great, P= — p*; 
and since the constant quantity C may also then be neglected, in 
comparison with p, we shall have 


L_=_ L A p - * 

Ph—Ch iip^' Ph-Ch hp' 

Whence dx — — , andi = aoiist. ~ — ; which value 

tip' hp 

• * • • 
does not increase indefinitely. 


. But with respect to since dif = ^ , y= const, -j- - log.p ; 

hp ‘ /i 

which value increases indefinitely along with p. 


260. Proposition II. To construct the trajectory of a heavy 
body projected obliquely in the air, when the angle of elevation 


Digitized by Google 


ON MOTION. 


95 


is very small. The labour of constructing the curve by approxi- 
mation becomes in this case more simple ; for since the curve 
deviates very little from tlie axis, the abscissa x may be put for 
the arc s ; whence 


(244.) dp = 


e*‘dx 


2 H cos.* J' 

Integrating, so that x = 0 may give p = tan._/', there results 


P = 




1 - e' 


dx 2 Hh cos.* f 


And integrating afresh, so that x = 0 may give y =0, 


y — X tan. f + 


I Ax — 


2// A cos.*J' ’ 

whence, for any abscissa x, tlie corresponding ordinate may be 
computed. 


351. Coroll. Putting this value of y equal to nothing, tlie 
resulting equation, besides x s 0, will give another value of x, 
which will be the amplitude of the projection. If, likewise, 
the value of p be made equal to nothing, the resulting equation 
will give the abscissa x, which corresponds to the greatest ordinate, 
that is, the amplitude of the ascending branch' : and putting this 
value of X in that of y, we shall have the greatest ordinate, or the 
altitude of the projection. 
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CHAP. IX. 


ON THE MOTION OF A POINT ON A GIVEN CURVE, OR 
ON A GIVEN SURFACE. 


253. Proposition I. Xo determine the motion of a 
point, or elementary particle of matter, compelled to run over a 
given surface. 

Let the equation of the surface, referred to tliree rectangular 
axes, be Idx mdt/ + ndz = 0 ; let an elementary particle of 
matter move upon it, acted upon by the forces P, Q, J2, paral- 
lel to the axes; and let K be the pressure which the particle 
6x^rts upon the subjacent surface. This pressure cannot but be 
in a direction perpendicular to the surface, for, if it wrere oblique, 
it might be resolved into two, the one normal, the other tangen- 
tial ; and this latter would not exert a pressure ; which is contrary 
to the hypothesis. Resolving then the pressure K into three 
forces parallel to the three axes, these will be (30. 101.) 

IK mK nK 
M' M ’ M’ 


putting, for the sake of brevity, M = -j- n°) . 


Now the moveable point will remain in the same state, if we 
suppose the subjacent surface to be removed, and, in its place, a 
force to be applied equal and contrary to the pressure K. We 
may, therefore, assume that the point moves freely, acted upon 


by the three forces P — 


/K 

M‘ 


mK nK 

Q — , Ji — — , parallel to 

M M 


the three rectangular axes. And, therefore, considering the ele- 
ment dt as constant, we shall (231.) have the three equations 
IK ddx mK ddy nK ddz 
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253. Coroll. I. By these equations the motion of the point 
is fully determined, and the pressure which it exerts against the 
surface. 

For, first, calling u the velocity, if we multiply the first equa- 
tion by dx, the second by dy, the third by dz, and then take 
their sum, making Idi + mdy + ndz — 0, we shall find, as 
in Art. 23S. 

udu = Pdx -(- Q,dy Rdz. 

Secondly, multiplying similarly the equations by /, m, n, and 

observing that dt= — , their sum will give 

„ IP -T mQ + nR Iddx + mddy -|- nddz 

M dP' ' 

Thirdly, eliminating A, there will remain two equations 
between the variable quantities x, y, Z, f ; to which, if there be 
added the given equation of the surface, we shall have three 
equations, by means of which the co-ordinates x, y, Z, arc to be 
expressed in terms of t. 

Lastly, eliminating t, the two equations which remain between 
X, y, z, will determine the trajectory. 

254. Coroll, 2. If the moveable point is not acted upon by 
any accelerating force, its motion is uniform ; and whatever be the 
curve, which it describes, it retains, without alteration, the im- 
pressed velocity. 

For, if P = Q = JJ = 0, then udu = 0, and therefore, 
du — 0, and u is constant. 

255. Coroll. 3. If the moveable point be acted upon by 
gravity alone, through whatever curve it descends, or ascends, it 
will have at each point, the same velocity which it would have 
had, if it had descended, or ascended, vertically, dirough an equal 
altitude. 

For, supposing the axis of x to be vertical, 

P= i.gi Q=^R = 0; whence uduzzz +gdi. Wherefore, &c. 

256. Proposition II. To determine the motion of a point 
compelled to describe a curve lying all in one plane. 

This problem is contained in the preceding. If the curve be 
referred to two axes, at right angles to each other, in its plane', we 

N 
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shall have the equation -f* = 0. The directions of 

the forces acting upon the moveable point must needs be in the 
same plane, otherwise the point would leave the plane. ’^They 
may, therefore, be reduced to two P and Q, parallel to x and y, 
respectively. And, putting M = + m*) we shall have (252.) 

mK _ ddy 
~ dF' 

257 . Coroll. 1. The pressure which the moveable point 
exerts against the curve, will be (253.) 

IP+mQ tt* Iddx+mddy 

M M‘ 

— Idx Idx 


p _d_dx 
M ~ dt* ' 


K = 


and, because m — 
+ ds* 




M = 


ds“ 

and the radius of curvature 


dxddy — dyddx' 

K 


dy’ 

substituting these values, we have 
Pdy — Qdx 


ds 


_ u* 
+ — 

r 


The upper sign is to be taken when the curve is concave 
towards the axis, the lower when it is convex. 

258. Coroll. 2. Analysing this expression for K, it appears 

that the first term jg other than (34.) the force 

ds 

which arises from resolving each of the forces P, Q, into two, 
one in the direction of a tangent, the other in that of a normal, to 
the curve, and taking the sum of the normal forces. And, from 
the construction made in Art. 34, it is plain that the direction 
of this normal force makes an acute angle with the direction of x, 
whilst X is positive. Wherefore, wherever the value of K is 
positive, there the direction of the pressure will make an acute 
angle with the direction of x taken positively ; and where it is 
negative, it will make the angle obtuse. By this we can always 
know, when the pressure urges the body against the curve, and 
when it lifts the body from it, forcing it to abandon the path. 

239 . Coroll. 3. K being the aggregate of the two terms 
Pdy — Qdx . , k’ , 

and — , the pressure expressed by the nrst term 
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originates, as we have said, from that portion of Uic acting forces, 
which pressing perpendicularly against the curve, is counteracted 
by the resistance of the curve. But the pressure expressed by 
the second term is independent of the acting forces, and takes 
place even when there is no acting force at all, and when the body 
moves only in consequence of its previously acquired velocity. 
This pressure is distinguished by the name of CetUrifugal Force, 
and originates in the inertia of tlie moveable body ; as we shall 
soon explain. 

260. Scholium. Let a moveable point descend through the 
curve JIMB (Fig. 45.) and in the time dt, let it have described 
the space Mm. Arrived at m, it tends, by its inertia, to describe, 
in the time dt, the tangent straight line mq — Mm. As the 
resistance of the curve compels it to pass through the element 
Mfi, so resolving the virtual velocity mq into two m/u, mp, this 
last is counteracted by the curve, and therefore the moveable point 
presses it perpendicularly with a force corresponding to this 
extinguished velocity ; and this is the centrifugal force. 

Let us then express its value analytically. 

This force, in the instant dt, would cause the moveable point 
to describe the small space mp; it may be considered as a con- 
stant force, because it is supposed to act only for the single 

2s 

instant dt. Wherefore, from the equation (214.) g=—, it is 


evident that this force is 


2 mp 
~d?' 


Let now r be the radius of curvature of the curve AMB, at 
the point m. The arc Mm ft may be considered as a circular arc 
of which r is the radius : and, by the property of the circle, mq 

is a mean proportional between mp and mp + 2r, or, between 

— « 

mp and 2r. Therefore, mp = . But mq = Mm = ds 

II* dt^ 

= u.dt. Wherefore, mp=: — - — . By substituting this value, 

X T 

M* 

the centrifugal force is found to be expressed by — , exactly as 

was concluded, by another train of reasoning, in the preceding 
Article. 
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CHAP. X. 


ON THE DESCENT OF HEAVY BODIES DOWN INCLINED 
PLANES. 

261 . Proposition I. A heavy body, placed on an 
inclined plane, will descend along the straight line drawn from 
the body perpendicular to the common section of the plane and the 
horizon. 

Let the heavy body be placed at A (Fig. 26.) on the inclined 
plane I; let RS be the common section of this plane, and of the 
horizontal plane 0 ; and in I let there be drawn IB, and in O, 
BC, both perpendicular to RS : also from A let there be drawn 
AC perpendicular to BC. The plane ABC is perpendicnlar to 
the plane 0, and is therefore vertical : it is likewise perpendicu- 
lar to the plane I. Resolving, then, gravity, which acts in the 
direction of the vertical AC, into two forces, the one in the direc- 
tion of AB, the other perpendicular to the plane I, this latter 
will be counteracted, and the body, urged by the other force, will 
begin to move along AB. 

And because this reasoning is applicable not only to the point A, 
but to every other point of AB, it is manifest that the heavy body 
having set out along AB, will continue to descend through it. 

262. Coroll. If the heavy body be not simply placed on the 
plane J, but projected along it in any direction AT, it will de- 
scribe, in the plane, the parabola AQ, which will have AT for its 
tangent, AB for its diameter, and the quadruple of the height due 
to the velocity of projection, for its parameter. 

263. Proposition II. If the plane I be inclined to the ver- 
tical plane at the angle BAC = m, the force which acts upon 
the heavy body descending through A B, will = g cos. m : and 
the force with which the heavy body presses the plane itself, will 
3= g.sin. m. 
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264. CoroU. 1. If the length AB of the plane, represent 
gravity, the altitude AC will represent that part of it which 
urges the heavy body down the plane, and the base BC will re- 
present the other part, which operates in pressing against the 
plane. 

265. Cordll. 2. The motion of descent is equally accele- 
rated, and is determined by the equations (210.) u = gt cos. m; 

M* at" cos. m , 

« = ; s — . But, if the body ascend up 

Sg.cos.m 2 > j r 

the plane, in consequence of an impressed velocity, the motion 

will be equally retarded, and will be in like manner determined by 

the equations (21 6.), putting every where g cos. m for g. 

266. Coroll. 3. The velocities acquired, and the spaces past 
over, in equal times, by two heavy bodies falling, the one through 
the vertical line, the other through the inclined plane, will be to 
one another as 1 : cos. m ; or as the length to the height of the 
plane. 

267. Coroll. 4. Hence, whilst the former descends through 
the whole height AC, the other will arrive at the point D, on 
which falls the perpendicular CD drawn from C to the plane. 

268. Coroll. 5. All the chords of a circle, which . terminate 
in either extremity of a vertical diameter, are described in the 
same time ; that is, in the time jn which a heavy body, falling 
freely, would describe the diameter. 
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CHAP. XI. 


ON THE DESCENT OF HEAVY BODIES THROUGH A 
CYCLOID. 

269 . Proposition /. If the cycloid FAG (Fig. 27.) 
have its base FG horizontal, and if a heavy body placed in the 
point P, and left to itself, descend through the arc PMA, to 
find its velocity at any point M, and the pressure which it exerts 
against the curve. 

From P and M draw PS, MR, parallel to FG, and meeting 
BA in S and R, respectively. Let AR—x, RM=y, AM=s; 
and let the diameter of the generating circle AB~^a, and the 
abscissa, of the point P, AS = h. The equation of the cycloid 
iss.ds = a.dx; whence 

, diMj a ds . /a— 2x 

d$ = — ^ ; - = V — ^ ; 

V2x dy a 

and the radius of curvature r = V^(a* — 2ax). 

Wherefore, the velocity u, at M, will (255.) be that which is 
due to SR, and (210.) u — .(A — x). 

Again, since P— —g, and Q = 0, the pressure will be (257.) 
^ _ g-dy _ S « + 2 A — 4x 

ds r ~ — 

And, this value being always negative, the pressure will (258.) 
make an obtuse angle with x, whilst x is positive, and therefore 
will act in the direction of MM', pressing tlie body against the 
curve. 
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270. Coroll. I. The time of descent through the arc PM 
will be had from the equation 

“ ~ 2^* V'(Ax-i’)* 


Integrating so that x = h may give t = 0 , we shall have 


t 




. arc. cos. 


ir-h 
h ■ 


27 1 • Coroll. 2. Making x = 0, we shall have the whole 
time of descent from P to the lowest point A ; and it will be 

• — - — = , rr being the circumference of a circle of which 

the diameter is unity. 

This value is altogether independent of the position of 
the point of departure P; whence follows that most singular 
property of the cycloid^ that, at whatever point of its periphery 
the heavy body be left at liberty to fall down it, it will arrive at 
the lowest point in the same time. On account of this property 
the cycloid is called tautochronal. 

272. Coroll, 3. The heavy body having arrived at the lowest 
point A, with the velocity due to AS, it will ascend through the 
opposite arc AQ. In each point of its ascent, its velocity will 
be the same as in the corresponding point of the descent, that is, 
as in the point M’hich belongs to the same vertical abscissa. And 
when it has reached the point Q, of the same altitude with the 
point P, it will stop ; and then falling through the arc QA, and 
re-ascending through AP, it will follow the same course, con- 
tinually. The time of ascent through AQ will be 
the same as that of the descent through PA. 

273. Proposition II. To hnd the line of quickest descent 
from a given point A (Fig. 28.) to another given point B. 


ir^a 

Vg" 
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Let AMB be the line of quickest descent; make the vertical 
line AP=x, and PM being drawn parallel to the horizontal line 
AL, let PM — y. Then the velocity at M will be ^ 9. gx, 
and the time of descent through AM anil be represented by the 
p ds ^ 

integral J — . This integral, taken from the point A to 

the point B, is to be a minimum. Wherefore, according to the 

P ds 

theory of the Method of Variations, we must put Sf ~ 


y/^g- 


= 0 ; 


or, making dy = pdx, so that ds = dx\/ (1 +p^) we must put 
P + p’) 

o J * = 0. According to the rules of the 

Method of Variations, the equation of the required curve is found 


by differentiating 


Vo+P*) 




— , and putting the coefficient of dp 


equal to a constant quantity. The equation will, therefore, be 


V9gx(l + p*) 




or, for the sake of brevity, making — ■ * = k, 

5 




= dx \f ^ — 


the equation of a cycloid, which has its origin in the point A, 
its base in the horizontal line AL drawn through A, and the 
diameter of its generating circle equal to k. 

If, therefore, the indefinite horizontal line AL be drawn, and 
upon it, as a base, there be described the cycloid AQL which 
passes through the given point B, that curve will be the line of 
quickest descent from A to B. On account of Uiis property, 
the cycloid is called brachystochronal. 


VJA. Scholium. To describe from the given point A, 
on the indefinite base AL, the cycloid, which shall pass through 
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the given point B, is a geometrical problem, of which the follow- 
ing is the most simple solution. 

From the point A, describe on the base AL, any cycloid 
Aq/, which has oq for the diameter of its generating circle. 
Join A, B, and let AB cut this cycloid Aql in b. Find a 
fourth proportional, OQ, to Ah, AB, and oq ; and OQ shall be 
the diameter of the generating circle of the cycloid AQL, which 
passes through the given point B. 


% 


O 
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CHAP. XII. 


ON THE DESCENT OF HEAVY BODIES THROUGH 
CIRCULAR ARCS. 


275. Proposition /. If FAG (Fig. 29.) be an arc of 
a vertical circle^ through which a heavy body falls from the point 
P, to determine, at any point M, the velocity and the pressure. 


Draw the vertical diameter a A, and the horizontal diameter 
FG i also draw PS and MR, parallel to FG‘, let AR=x, 
RM = y, AM =s \ the radius CA = a, and the abscissa of the 
point of departure AS = h. From the nature of the circle we 


have ds = 


a.dx dy e — x 

— 7- 7, ; — = ; and the radius of 

,J{iax — x‘) ds X 


curvature r = a. 


The velocity at M will be due to 5 R, so that 11 = Qg{h — x). 
And since P — — g, Q = 0, the pressure will be 


X— Av 


-^(a + 2A-3 j). 
a 


This value is always negative, and shews that the pressure 
will always be exerted against the curve in the direction MM'. 


276. Coroll. 1 . To determine the time of descent, we have 
the equation 


. ds a dx 

u \/2g V^(A — t) . (201 — «■*) ’ 

M’hich, integrated from x = h to x = 0, will give the time of 
descent from P to A. 
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&c. 


277. Coroll. 2. But this equation can only be integrated 
by means of series. A converging series is obtained by writing 
the equation in this form, 

' ■ 

2^ g VQix - x'*) 

and developing the numerator by Newton’s binomial theorem, 
which gives 

^ ^ — 4. i. ^ 4. ijJ i 4 - ^ jL. 4. 

Qay * 2a 2.4 4a* 2.4.6 8a'* 

Thus is dt expressed by an infinite series, all the terms of which 

are of the form 5: . By the known rules of the 

^{hx — x^ 

integral calculus, the integral of each of these terms is 

— dx . 1 

made to depend upon the integral of > "hich taken 

from X = A, to x = 0, is found to be equal to ir. Thus we have 

■JTv/a f XIn'A ./I.SV A* /l.a.sV A „ ) 


278. Coroll. 3. If A be very small in comparison with a, 
much more will x be so ; and then the differential equation (276.), 
neglecting x* in comparison with 2a x, will become 
^ a dx 

■ V^CAx-"?) 

like that of Art. 270, which belongs to the cycloid. 

Whence it appears that circular arcs, in which the sagitta is 
very small compared with the radius, or which are of very few 
degrees, have, in comnjon with the cycloid, the singular property, 
that from whatever point of the arc a heavy body be let fall, it 

. . '^\/ a 

will arrive at the lowest point in the same time t = 7—- . 

2 V g 


279- Proposition II. If the same circular arc FAG be 
inverted, and if a heavy body, placed at the point p, descend over 
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the convex circumference, to find the velocity and the pressure 
at any point tn. 

The same construction being made as in tlie preceding pro- 
position, tlie velocity u will be that which is due to s r ; whence, 
if ar = X, and as — h, we shall have u = >s/ °g(x—h). 

And since P~g, Q = 0, we shall have the pressure 

as r a 


280. CorolL Whilst x < — , K is positive, and the pres- 

sure is exerted in the direction mm'. When x = — K — 0. 

3 

Afterwards, when x > , K is negative, and the heavy body 

quits the curve. 

The body will, therefore, go on describing the circular arc 
p f, to which belongs the abscissa aq — ^ j 

a—k ... 

*? ~ — ~ ~ 3 Arriving at t, it will there escape from 

a/ 

the curve, and describe a parabola which will have, at t, a com- 
mon tangent with the circle, its diameter vertical, and its para- 
meter = 4>.Jig.sq. 
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CHAP. XIII. 


ON THE SIMPLE PENDULUM. 

281. Proposition I. The oscillations of a heavy pen- 
dulum, which is subject to no extraneous resistance or impulse, 
go on for ever equal in length, and are performed in equal times. 

From what has been said in Art. 218, 255, it appears that the 
heavy body will ascend, in an equal time, to a height equal to that 
whence it descended ; it will then return through the same track, 
retracing, without end, the arc which it first described. And this 
will happen, whatever be the curve which the oscillating pendulum 
describes. We shall proceed to shew, separately, what happens 
to pendulums oscillating through arcs of a cycloid, and of a 
circle. 

282. Proposition II. The oscillations through cycloidal 
arcs, of any breadth, are isochronal. 

If we call ^ a the diameter of the generating circle of the 
cycloid, the time of the middle of the oscillation, that is, of 

describing the arc PA (Fig. 27.) is f = — ; and that of the 

whole oscillation, that is, the time of describing the arc PAQ is 

t = (271.272.). 

V g 

283. Scholium. The cycloid being the cvolute of itself, 
a cycloidal pendulum is obtained by making the thread CA 
oscillate between two plates CF, CG, curved in the form of two 
equal semi-cycloids, similarly posited with respect to the semi- 
cycloids GA, FA. Whence it appears that the length of the 
thread CA ought to be the double of BA ; and that CA = a. 
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In general, the pendulum may be made to describe any curve, 
by causing the thread to vibrate between two plates bent in tlie 
form of the evolute of that curve. If the thread be free, the 
pendulum will describe a circle. 


284. Proposition II. The oscillations through circular arcs, 
of a small number of degrees, are isochronal, whatever be the 
breadth of the arc described ; and they are synchronal with those 
of a cycloidal pendulum of equal length. 


Calling a the radius of the circle, or the length of the pendu- 
lum, the time to the middle of the oscillation will be (278.) 


t = 
of it. 



and that of the entire oscillation will be the double 


285 . Coroll. Comparing together the oscillations of pendu- 
lums of different lengths, whether they be cycloidal, or circular, 
provided that small arcs of circles be described, the times of the 
oscillations are as the square roots of the lengths. And, conse- 
quently, the numbers of oscillations made in the same time, are 
inversely as the square roots of the lengths. 

286. Scholium. The isochronism of oscillations through 
cycloidal arcs of any breadth, or through circular arcs of 
very small breadth, may also be proved without the aid of inte- 
gration, in the following manner. 

Let two arcs of different breadth, PA, pA, (Fig. 30.) be ter- 
minated in A, their lowest point. Suppose the arc PA to be 
divided into an indefinite number of elementary parts PM, and 
the arc pA into an equal number of such parts pm. If the ac- 
celerating forces with which the heavy body begins to describe the 
small homologous arcs PM, pm, be proportional to the arcs 
themselves, these arcs will be described in equal times. For, 

since (210.) f®= — , it is clear that if g is proportional to s, 
S » 

< will be constant. And if this happens in each of the homo- 
logous points of the arcs PA, pA, it is evident that each of the 
elements of the first will be described in an equal time with the 
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corresponding element^ of the second ; and thus also the entire 
arcs PA, p a will be described in equal times. 

Now, whether the PpA be a cycloid, or a circular arc of 
.small breadth, it happens that The tangential accelerating forces, 
in any two homologous points P, p, are proportional to the arcs 
PA,pA, and therefore also to the elements PM, pm. For, let 
AE = x, EP=y, AP=s. The tangential force in P will (34.) 

be — -7— . And, if PpA be a cycloid, we have s =2ax, and 


1 c 

therefore, — 
as 


s gdx ss , , , . , 

- , and — - — = — : wherefore tlie tangential 
a as a 


force at P is proportional to the arc PA. 


dx y 

But if PpA be an arc of a circle, we have — = - ; hence 

ds a 


. where, if the arc be very small, the semi-chord y 

ds a 

may be taken as equal to the arc s. Here, again, therefore, the 
tangential force at P is proportional to PA. Wherefore, &c. 
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CHAP. XIV. 


ON THE MOTION OF PENDULUMS IN RESISTING .MEDIUMS. 


287- If R pendulum oscillate in a resisting medium, the 
breadths of the successive vibrations become continually less and 
less. Nevertheless, provided that the initial breadth be small, 
and the resistance be also small, these vibrations, although un- 
equal, continue, to sense at least, isochronal with one another, 
and nearly isochronal u ith those of a pendulum, of equal length, 
which oscillates freely in vacuo. The following propositions 
will fully assure us of this. 

288. Proposition /. If a pendulum oscillate, in a 
resisting medium, through the cycloidal arc PAQ (Fig. 30.) 
beginning its motion from the point P, to find the velocity at any 
point of the arc. 


Here, besides gravity, we must take into account the resistance 
of the medium, expressed (226.) by which force acts 

throughout the small arc ds, in a direction contrary to that of the 
actual motion. Resolving this force into two, in the directions 
of T and y, we shall have the two components 

dx , » dt! 

jT- 




Hence P=-g+ ~ \ Q= gk^t^ . 

® “ ds ^ (Is 

Therefore (233.) udu = Prfr Qrfy = — gdx-\-gk‘i^ ds. 

And putting, from the nature of the cycloid, adr = sds, and 

making 9,gk^ = h, we have 

iaudu — ahu*ds =: —2gsds. 

This equation is rendered integrable, by multiplying it by 
Integrating it, therefore, and calling c the velocity at the lowest 
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point A, if the constant quantity be determined so that a ~ c 
when J = 0, there results the equation 

(3f) „»= + + As -e"), 

a n 

which shews the progress of the velocity in the arc of descent 
I* A. Making s negative^ we have^ siihilarly, for the arc of ascent 
AQ, the equation 

2 ^ 


(N) e 








289 . Coroll. 1, Let PA = JS, = F-. it is manifest that 
if, in the equation (Af ) we make s—E, then «=0 , and that if 
in the equation {N) we put s= F, then also u =0. Hence we 
may express, in two ways, the velocity C, corresponding to the 
lowest point. 

The equation (A/) gives 


ah\’‘ 

2g 




— *£ 


(1 + A£ - e‘^) 


= iA3JS* + iA^E‘ - &c. 

Likewise, the equation (N) gives 
aA“c* 




= - e*^(l 


AF - e*^) 


= ^h-F^ + iA^F + }h*F* + &c. 

290 . Coroll. 2 . Equating tliese two expressions, we shall 
discover the relation between the two arcs E and F; whence, if 
the first be given, the second will be known. We have this rela- 
tion from the equation 


— AE 


(1 + liE) = e*^(l - AF): 


where, if we make F = E — mE* + nE^ —pE^ + &c. and, 
expanding the whole in series, if we determine the coeflkienU m, 
«, p, Sic., we shall find 

F= £-?A£‘ + ^A^F3 - &c. 

^ v 

If the arc £ be small, and if the resistance be also small, a few 
terms of this series will suffice. We shall, therefore, at present, 

I* 
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take only the three first, neglecting the powers of h that are 
higher than the square. 

29 1 • Coroll. 3. The arc of ascent, in the first oscillation, 
being known, those of the following oscillations are readily found. 
In the second oscillation, that is, in the return of the pendulum, 
the arc of descent will be F, and therefore that of the ascent 
will be 

F- - hr- -F -h-F\ 

3 9 ' 

or E--hE- + — 

3 9 

Similarly, in the third oscillation the arc of ascent will be 
found 

3 9 

and in the 11 “* ascent it will be 


E--nhE' +-n^h^E\ 

3 9 

Thus, after n oscillations, the difference between the first 
descent and the last ascent, will be 

-«A£- — ^«'A’£*. 

3 9 

Hence it may be seen, how, and by what degrees, the course 
of the pendulum is continually shortened : and it is remark^le 
that this shortening does not at all depend upon the length of the 
pendulum. 


292 . Coroll. 4. It is also worthy of observation that, in this 
case, the greatest velocity of the oscillating heavy body is no 
longer at the lowest point A, but at another point B. This 
point may be found, according to the known rules, by putting the 
differential of u ^(288.) equal to notliing. 

Let .4 B = iS', and the greatest velocity in B—C. The 
equation of the maximum, will be 


(L) e-*" = 


a h'’ 
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Substitute for 


ak^c^ 

2g 


its value (289.) and expanding the ex- 


pression into series, as was done above (290.), we have 
S=iA£’ - -H &c. 

293 . Coroll, 5. Next, putting, in the equation (M), for 
e “ its value found from the equation (L), we shall have 


ah*C * 

2g 


AS = - |A’£’ + ih*E* - 8tc. 


Thus we shall know what is the greatest velocity, and in what 
point it is acquired. 

294 . Proposition II. The same things being supposed, as 
in the preceding proposition, to find the time of the oscillation 
through the arc PAQ. 

ahC* 

Let PB = q ; then s=o-l-S = o-| . 

2 g 

Now, if In the equation (M) this value be put for s, and also 
for c* its value, deduced from the equation (X), then, making 
'C* — «’ = X, we have 


aA*z . 




•= e*» - 1 - hq: 


whence, developing according to the usual method, (290.) 
»J~^z ahz ali} z»J~az 


•I = 


>/7 36gv/g 

ds 

therefore dt = 


■= &c. 


ds — dq 


u VlC^-z) 
dhja . aAdz 


+ 


9,»J g >J C* z — z‘‘ 6g>^C* — z 

ah*zdz v^a 
24g Vg- 


+ &c. 


/ 


Integrating, from u = 0, z = C to m = C, or ? = 0, there 
results , •• i ' 
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V is/ a ahC ■jt 

< = + 


h'C 


'av a 

- &c. 


2Vg 3g ' 48gVg 

which will be the time of descent through PB. 

In like manner will be found the time through BQ, by repeat- 
ing the calculation, upon the supposition that 9 and d </ are nega- 
tive, and integrating from z = 0 to z = C*. ^ITiis time will be 

IT >y a aliC IT h'‘ C*.a s/ a „ ' 

+ 1 T h 


And, summing the two times, we shall have the time_^of the whole 
course through PBQ expressed by 

s/ a /" . ah'C* 




g 


( 


1 +7 


24g 


-f- &c 


) 


/j A* C* 

293 . Coroll. 1. If instead of — :: — be put its value (2Q3.) 


2 g 


the time of an oscillation will be 

+ -h^E^-~h^E^+ 84C.Y 

is/g ^ 24 36 / 

In vacuo, the time of an oscillation would (282.) have been 

7T s/a 

— -p= . Wherefore, the resistance of tlie medium somewhat 
V g 

retards the oscillation. It is evident, however, that, if h and E 
be small fractions, this retardation of the pendulum oscillating in 
a medium, above that of a pendulum oscillating in vacuo, becomes 
almost insensible ; and is the more so, in proportion as the osbil- 
lations, being shortened, go on diminishing the arc of descent. 

269 . Coroll. 2 . A fortiori, then, is the difference between 
the time of one oscillation and another, insensible. For in the 
second oscillation the time is 

sj 24 36 / 

-I-- A*£*- - A’£’+&c.); 
s/g^ 24 12 /’ 

so that the time of the second oscillation is shorter <han that of 
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the first, by the time 


J~S ■ 18 


— ,8tc.; a difference, accord- 


ing to our hypothesis, that is inconsiderable. 

Wherefore, although, in mediums resisting according to 
the square of the velocity, the cycloid is not rigorously a tan- 
tochronal curve, and the oscillations go on quicker, in proportion 
as they become shorter, yet, when the arcs are small and the re- 
sistance is small, this difference may be neglected. 


297* Scholium. All, that has been said of cycloidal pen- 
dujums, may be applied to circular pendulums, upon the suppo- 
sition laid down, that the vibration of the pendulum is confined 
to arcs of small breadth. Therefore, in these pendulums, also, 
the air’s resistance goes on sensibly shortening the lengths of 
the oscillations, without, however, sensibly disturbing their iso- 
chronism. 
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ON MOTION. 


Section II. 

ON THE MOTION OF SYSTEMS OF INVARIABLE FORM. 

CHAP. XV. 

ON THE MOTION OF SYSTEMS IN GENERAL. 

298. H AviNG seen the laws to which the motion of a 
point, or elementary particle of matter, is subjected, we are now 
to consider a system of points, so connected with one another, 
that, in consequence of this connexion, they cannot follow those 
movements, which the forces applied separately impress upon 

them, but are compelled to move in another manner. 

299 * Proposition. If there be a system of points 
w'hich, by the forces applied, ought to receive the several velocities 
A, B, C, &c., but, in consequence of their mutual connexion, 
instead of them, receive the velocities a, b, c, 8cc. : and if the 
velocity A be resolved into the actual velocity a and into any 
other velocity a ; similarly, if the velocity B be resolved into the 
two b, /3 ; and the velocity C into the two c, y ; and so on : 

then, the forces corresponding to the velocities a, /3, y, &c., 
are in equilibrium with one another. 

For, since the velocities a, y, iac. have no effect, in the 
system, the forces corresponding to them must needs counter- 
balance and mutually destroy each other. 

300. Coroll. Hence, there is an equilibrium between the 
impressed forces, or those corresponding to the velocities 
A, B, C, &c., and the actual forces, or those corresponding to 
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a, b, c, &c., provided that these last be supposed to act in con- 
trary directions. 

For, if A be the resultant of the forces a, a, reciprocally, o 
will be the resultant of the forces A, — a •. thus, also, /3 will be 
the resultant of B, — b\ and so on. But (299.) the forces 
°, fit 7> ®te in equilibrium. Wherefore, the forces A, B, C, 
&c., will be in equilibrium with the forces — a, — 6, — c, &c. 

301. Scholium. This is the principle, which D’Alembert, 
with such great success, introduced into Dynamics ; deducing 
from it a general method for the solution of very abstruse problems. 
The method consists in substituting, for the forces impressed on 
the system, two sets of equivalent forces. Those of the 6rst set 
tend to impress such motions as each point may freely follow, 
without causing obstruction to the rest, or suffering obstruction 
from them : those of the second set, on the contrary, are such 
as are all in equilibrium with one another. The first are fully 
effective, and determine the actual motion of the system : the 
second wholly counteract each other, and determine the pressure 
which each point of the system suffers, from the mutual action 
of the ports. 
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CHAP. XVI. 


ON THE MOMENTUM OF INERTIA. 

302. The Momentum of Inertia of a system in respect of an 
axis, is the sum of the products which arise from multiplying each 
element of the system by the square of its distance from the axis. 

303. Coroll. The momentum of inertia is always a positive 
quantity, and always increases, when the mass of the system 
increases. 

304. Proposition /. If 8 be the momentum of 
inertia of a system, in respect of an axis which passes through 
its centre of gravity. S' the momentum of inertia of the same 
system, in respect of an axis parallel to the first and distant from 
it by the space k, and M the mass of the system, then 

,S'= + M.fc*. 

Let GC' (Fig. 31.) be the axis drawn through the centre of 
gravity of the system, CC the other axis parallel to GG'. Let 
there be at Af an element of the system, and call the mass of this 
clement d M. Through M suppose a plane to be drawn perpen- 
dicular to the axes GG', CC, and cutting them in C and G'; 
let there be drawn in it the straight lines MG', MC; let C, G' 
be joined, and draw to CG' from M the perpendicular MP. 
Then 

S = 2.dJlf.A/G'’ ; S' = S..dM.MC\ 

But MC = MP' -1- CP* ; and AfP* = AfG'* - G'F*, 
and CP* = (G'P + CG'f. 

Whence 

2 . d Af . A/C *= 2 . d Af. AfG '* + 2 . 2 Af. C G' . G ' P + 2 . d Af. CG : 
or, .S’' = .S' + 2 A- . 2 . d Af . G 'P + Af A*. 

Now the product dM.G'P expresses (54.) the momentum of 
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the elemeut dM referred to a plaue drawn through G'G perpen- 
dicularly to the straight line CG'. Wherefore (j6.)i.diVf.GP =0. 
There remains then S' = S -t- MA'*. 

305 . CoroU, 1 . 'Phe momentum of inertia of a system, with 
respect to any a,\is, being Liiown, it is easy to tind its momentum 
of inertia with respect to an axis parallel to the first. 

306. Coroll, 2. Of all the parallel axes, to which a system 
may be referred, that which pusses through the_ccntre of gravity, 
gives the least momentum of inertia. 

307. Proposilion II. To find the momentum of inertia of a 
system in respect of a given axis. 

The general solution of this problem plainly consists in express- 
ing analytically, by means of the co-ordiuaies x, y, z, the pro- 
duct of an element multiplied by the square of its distance from 
the axis, and in afterwards integrating for the whole extent of the 
system. And instead of the given axis, another parallel to it may 
be taken, whenever it serves to facilitate the calculation ; for, by 
the preceding proposition, the momentum found may easily be 
transferred from one axis to the other. 

The momentum of inertia of lines and geometrical figures is 
sometimes investigated, upon the supposition that their elements 
are endued with a mass proportional to their extension. In the 
following corollaries we shall assign the momentum of inertia of 
some of the most simple, thus illustrating the method, above 
described, by various examples. 

308. Coroll. 1. To find the momentum of inertia of a 
straight line of the length a, in respect of an axis drawn perpen- 
dicular to the line at its extremity. 

The elemeut is di ; the distance from the axis is x. Where- 

x^ 

fore, the momentum = J'x^dx — — ; and completing the in- 

^3 ; 

tegral by putting x = a, we have — for the expression sought* 

c> 

In this, and in the following examples, we shall put M for 
the mass of the system. Here M = </, and the momentum of 
inertia is also expressed bv Ma^. 

Q 
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If the axis hml been drawu through the centre of gravity of 
tlie line, that is, through its middle point, the momentum of 
inertia would have been or ^ Ma^. 


309- Coroll. 2. To find the momentum of inertia of the 
periphery of a circle, the radius of which is u, in respect of an 
axis drawn through the centre, and perpendicular to the plane of 
the circle. 


The element being Js, and its distance from the axis = a, the 
momentum will be = fa^ds = a*s ; and completing the inte- 
gral by putting s = lira, the momentum = 27ra’ = Ma', 

310. Coroll. .1. To find the momentum of inertia of the 
periphery of a circle, in respect of a diameter of the circle. 


The element is d s = 


a . dx 
,V 


its distance from the axis is t/. 


Hence the whole momentum = aj't/dx. But the whole integral 
fffdi is the area of the circle its’elf = tto*. Wherefore, the 
momentum .sought is = it n’ = j M a’. 


.311. Coroll. 4. To find the momentum of inertia of a circle, 
in respect of an axis drawn through its centre, and perpendicular 
to its plane. 

I>et C (Big. ,32.) be the centre of the circle, and CA the axis 
perpendicular to its plane; let the radius CR=a; in CR take 
a part CM = z, and suppose the circle MM’ to be described 
with the radius CM = z, and very near it the circle m m , with 
the radius Cw = z + dz. The area of the zone, comprised 
between these two circles, will be lirzdz, and its momentum of 
inertia (309-) will .be 2 tt z’ r/z. Hence, integrating, we have 
^irz*; and completing the integral, by putting z = a, the mo- 
mentum of inertia of the circle is found to be =^ira* = ^ Ma*. 


312. Coroll. 5. To find the momentum of the same circle 
in respect of a diameter 


The area of the elmentary zone, being, as before, iv zdz, 
its momentum with respect to the diameter (310.) is irz*dz. 
Jleucc, integrating, and afterwards putting z = a, the momentum 
.sought = %irn* ~ -^Ma^. 
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If it be required to iiiid the monicntutn of the same circle, 
with respect to an axis parallel to the diameter, and distant from 
it b_v the space k, this will be (304.) 

i sra* + a- a' r = i Mo* + M k\ 

1 13. Coroll. 6. To find the momentum of inertia of a rect- 
angular parallelepiped, the sides of which arc a, b, c, taking for 
an a.xis the side c. If the sides a, b, c, be taken for the axes of 
x,y, z, the element of the solid will be dx.dy.dz, and the square 
of its distance from the axis c will be x* The momentum 

of inertia will, therefore, be J" (x’ -\-if^)d x d i/ d z : and integrating, 
successively, in relation to each of the three variable quantities 
X, z, there will result 

■^r^yz + i -r/z ; 

then, completing the integral by ptitting j =a, y = b, z = c, we 
shall have y a ic (a’ -f- b^), or ^ M(a^ -|- 6*). 

But if the axis pass through the centre of gravity and be still 
parallel to the side c, the momentum will be + i’). 

314. Coroll. 7. To find the momentum of inertia of a solid, 
generated by the revolution of a curve, in respect of the axis of 
rotation. 

Let RAIt' (Fig. 32.) be the curve, which, by revolving about 
the axis jlC, generates the solid ; let AC = x, CR = y, and take 
for tlie element of the solid the part intercepted between the 
circle RR' , corresponding to the abscissa ,r, and the ne.xt circle 
corresponding to the abscissa x + dx. The momentum of inertia 
of this part is (311.) \xry*dx\ whence that of the solid will 
be = \irf y*dx. 

315. Coroll. 8. Applying this formula to a cylinder, to a 
cone, and to a sphere, we have the following values of the mo- 
mentum of inertia : 


1. For a cylinder, a being the radius of its base, and b its 
length, 

•S H* b— j M n'. 
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2- For a cone, a being the radius of its base, and 0 its 
altitude, 


.S’ = ^ IT n*// = ^ M 


•S. For a segment of a sphere, « being the spliere’s radius, 
and X the sagitta of the segment, 

•S = ITT (jn - -<JX + io-*' )• 


4. Hence for the hemisphere, 

.V = 7To'> - I Ma^: 

15 o 

and for the whole globe, 


» « 8 % ^ TtM 5 

S a =- M. a . 


31 6. Coroll. 9- To find the momentum of Inertia of the solid 
generated by the revolution of the curve BAR', referred not to 
the axis of rotation CA, but to an axis drawn perpendicular to 
f’yl, through its extremity A. 

The elementary portion of the solid intercepted betw'een the 
abscissas x and x + di, may be considered as a circle, of the 
radius y, distant from the axis by the interval x ; and its mass 
M = try^dx. Hence (312.) the element of momentum will be 
^iry'dx + irx'^y'dx-, and the whole momentum will be 

4 i^y^dx. 

If the axis pass, not through the vertex A, but through the 
centre of gravity of the solid, then calling X the abscissa of the 
centre of gravity, and M the mass of the solid, we shall have the 
momentum of inertia (.304.) 

Irrfy'dx + irj'x^y^dx - MX\ 


.3 1/. Coroll. 10. Applying this last formula to the cylinder, 
to the cone, and to the sphere, there result the following values 
for the momentum of inertia of these solids, referred to an axis 
drawn through their centre of gravity, perpendicularly to the axis 
of rotation; retaining the iiotatioii of Art. 515: 
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1. For the cylinder iS' = -r Ma~ Mb'‘. 

♦ 12 

3 3 

2. For the cone .S’ = — itf «’ + — Mb'. 

20 80 

8S 

.3. For the hemisphere. .. . .S = Ma^. 

320 

4. For the ellipsoid, a being the semi-axis of rotation, and 
b the semi-conjugate axis, the momentum of inertia, in respect 

of a, \h S — - Mb^; and, in respect of b, it is S=- Af(a*+A^. 
5 5 
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CHAP. XVII. 


ON PRINCIPAL AXES. 

318. A SYSTEM being referred to three rectangular axes 
OX, OY, OZ, (Fig. 33.) of the co-ordinates x, y, z, if wc call 
d M the element of the mass, and put 

fx*dM= A, J'y^dM =B; J'z^ d M = C. 
fiydM=D-, fx 2 dM = E-,fyzdM= F, 

the momentum of inertia of the system, in respect of the axis 
OX, will be + z’) dM = ]i C ; in like manner, the ino- 
menturas of inertia, for the other two axes OY, OZ, will be 
A + C, A + B. 

319* Proposition I. The moinentunis of inertia being 
given, for the three axes OX, OY, OZ, (Fig. 33.) to find the 
momentum of inertia for any other axis OG, drawn through the 
origin, O, of x, y, r. 

Let OF be the projection of OG on the plane XOY; and let 
the angles XOF = p, FOG = q. Let the element dM, at the 
point M, be determined by the co-ordinates OPs=x, PQ,= y, 
QM=z. In the plane XOY let QR be drawn perpendicular to 
OF, and let the co-ordinates be changed, by making OR = x', 
RQ = y , QM = z . Then 

X = 00, cos. (POQ — p) = ,r cos. p + y sin. p ; 

y = OQ sin. (POQ—p) = y cos. p — x sin.p, 

/ 

z = z. 

Complete the rectangle RQMT, and draw TS perpendicular to 
OG; complete also the rectangle MTSK, and, again changing 
the co-ordinates, make OS — x", SK=y", KM=z". Wherefore 

x" = OT cos. (ROT— q) = j’ cos. q-\-z sin. q. 

If » 

V - y • 

z" — OT sin. (ROT— q) — z' cos. q — x sin. q. 
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Substituting here the values of .r', y , z, and thence deducing 
the value of y'* + z"^, we shall have the momentum of inertia 
for the axis OG ; which, if it be called 2, will be 
2 =/(/’ + :"*) dM = 

A (sin^ . p 4- cos.^p. sin.* 7) + B (cos.’p + sin.*p siii.*g) 
+ C cos.* q — Q.D sin. p.cos.p. cos.’ry 

— 2 E cos. p. sin. q. cos. y 

— 2 F sin. p.siii. q . cos. q. 

.320. Coroll. AVith the same data, may be calculated the sums 
fx"y"dM, fx":^'dM\ and comparing the values of these sums 
with that of 2 already found, we shall have 




.321. Proposition II. Amongst all the axes drawn through 
the origin O (Fig. 33.), to find the axis OG, to which if the mo- 
mentum of inertia of the system be referred, it shall be a maximum 
or a minimum. 

The problem is solved from the two equations 



Differentiating, therefore, the value of 2(319.) separately, with 
respect to the two variable quantities p, q, and putting both the 
differentials equal to nothing, we shall have two equations to de- 
termine the two angles p and q, which fix the position of the 
axis required. 

When q is eliminated, there will remain, to detennine the angle 
p, a complicated cubic equation of this form, 

A' tan.^p -f B' tan.*p -f- C' tan. p + O' = 0. 

,322. CoroU. 1. This e'quation being a cubic, must have one 
real root : it will have two : for the momentum of inertia for 

' I ^ 

every axis being a positive quantity, if there be one axis which 
gives the momentum a maximum, there must necessarily • be 
another which gives it a minimum, and vice versS. But if two 
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roots be real, the third must also be real. The equation, then, 
will have all its three roots real, and therefore, generally speaking, 
will indicate three a.\es. 

323. Coroll. 2. But the condition of a maximum or a minimum 
cannot belong to all these three axes ; so that if one of them ab- 
solutely give the greatest momentum, and another the least, the 
third cannot give either a maximum or a minimum. It is, indeed, 
well known, that, from the differential of a function being equal 
to nothing, it cannot always be concluded that the function is a 
maximum or minimuin. 

There will, however, belong to all the three axes, this property, 
that the dilFercntial of their momentum of inertia is equal to 
nothing : that is to say, that a very small change in the position 
of the axis in any direction, will not at all change the value of 
tile momentum of inertia. 

324. Coroll. 3. These axes arc called Principal Axes of the 
system. A principal axis is, therefore, that for which the diffe- 
rential of the momentum of inertia i!i equal to nothing. And it 
appears, that, through each point of the system, Uierc may be 
drawn three axes endued with this property. 

323. Coroll. 4. The equations 

by which the principal axes are determined, give also the two 
others (320.) f x"y" dM = 0, f x'' z" dM = 0. Wherefore, 
every principal axis has this property, that, if the abscissas x be 
taken in i\,J'xydM = 0, J'xzdM = 0: and vice vers^. 

. 326 . Coroll. 3. If the system be symmetrical about the axis 
OG, OG will be a principal axis. 

For X being taken in the axis OG, for every element dM 
determined by the co-ordinates j", y, there will be another equal 
to it, determined by the co-ordinates x, — • y. Whence it is 
manifest, that J"xyd M=0 ■, and in the same manner it will be 
found that J'xzdM =z 0. Wherefore, &c. (323.). 

327. Scholium. To find the principal axesiby means of a 
cubic equation, would be a very laborious operation. But, in 
symmetrical systems, the preceding corollary indicates one at 
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least of these axes. And when one of them is known, the other 
two are easily discovered by means of the following proposition. 

328. Proposition III. One principal axis of a system being 
given, to find the other two. 

Let OA be the principal axis which is given. Taking x in 
this line, we may make (319, 325.) D = E = 0. In order, 
therefore, to find another axis endued with the same property, in 
the value of 2 (319.) which expresses the momentum of inertia 
of any axis whatever, put D = £ = 0 ; and there result the 

two equations — Oj J ~ which the angles 

p and tj are determined . 

Now, since sin.* q = \ — cos.* q, the first equation will be 
found to be 

2 (A — B) sin. p cos. p cos.* q ~ 1 ¥ cos. p sin. q cos. q = O', 
whence, cos. p = o, and therefore sin. p = l. 

Again, since 2 sin. q cos. y = sin. 9.q\ cos^ q — |in.*^ 
= cos. 2 q, the other equation is found to be 
(A cos.’ p + B sin.* p—C) sin. iq — 2 F sin. p cos. 2^=0; 
whence, since cos. p = 0, and .sin. p = 1, 

2 F 


tan. 2 ^ = 


B - C 


I’roin the first equation, therefore, we have the angle p = 90". 

2 ¥ 

The second equation, if 2 1 be the angle which has for 

B C 

iu tangent, gives the two values q =. i, q = i + 90 “ to deter- 
mine the angle q. 

Hence the other two principal axes, which go along with OX, 
will be 1 st, Oi/ drawn in the plane YOZ, at the angle TOy=j ; 
2 dly, O r, which, on the same plane, makes the angle YOz = go°. 

32 . 9 . Coroll. I. Wherefore, the three principal axes are at 
right angles to each other. 

.330. Coroll. 2 . If we take, on the principal axes, the co- 
ordinates X, y, z, we shall have 

fxqdM—O', fxidM~0-, f'qzdM=0: 

II 
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And ifj further, we place the origin of x, y, Z, in the centre of 


gravity, we shall also have 

fxdM=0-, fydM=0-, fzdM=zO. 

331. Proposition IV. The momentums of inertia for the 
three principal axes being given, to find the momentum of iuertia 
for any axis whatever drawn through their origin. 

Let OX, OY, OZ, (Fig. 33.) be the three principal axes, and 
let A', B', C, be their given momentums of inertia: let any 
other axis OG make with the principal axes the angles GOX=f, 
GOV = g, GOZ = h. The momentum of inertia for the axis 

OG will be 

2 = A'. cos-Y + B'. cos.’g + C'. cos.’^A. 

Taking the co-ordinates in the principal axes, we may (330.) 
in the value of 2 (3 IQO put D = £ = T = 0. And, instead of 
A, B, C, putting their values given from the equations (318.) 
B + C = A', A + C = B', A + B = C',y/e shall have 

2 = A ' cos.” p cos.* q + B' am.'^p cos.“ g + C' sin.* g. 

But cos. p. cos. g = cos. GOX = cos.f: 
sin. cos. g = cos. GOY — cos.g ; 
sin. g — cos. GOZ — cos. A. 

Wherefore 2 = A' cos.*/ + B' cos.*g + C'cos.* A. 

33 -i. Coroll. 1. Since the three principal axes are at right 
angles to each other, cos.*/ + cos.'g -f cos.* A = 1. VVhence 
two of the three angles J\ g, A, are sufficient to determine the 
position of the axis OG. 

333. Coroll. 2. Wherefore, the value of 2 may also be 
expressed in this manner : 


2 = A' - (A' — £') cos.*g - (A' - C') cos.* A; 
or 2 = C' 4- (A' - C') cos.*/ + (A' - B') cos.*g. 


Let A' > B’ > C ; then it is manifest that A'> 2> C : 
which confirms the proposition that the momentum of inei^a of 
any axis is comprised between the greatest momentum A , and 
the least C\ belonging to two principal axes. 


334. Coroll. 3. It may happen that, amongst the momentums 
of the principal axes, there are two that are equal to one another. 
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Let these be the niomentums of the axes OX, OY, so that 
A’=B\ Then 

'S, — A' {\ — eos.^ h) + C cos.* A ; 
which value = A', when A = 90°. Wherefore, all the axes, 
drawn in the plane XOY, will have equal momentutns of inertia. 

335. Coroll. 4. It may also happen that the.momentiims of 
inertia of the principal axes arc all three equal to each other ; 
whence A' = B' = C. Then, '2 = A', and all the axes have 
the same momentum of inertia. 

336. Coroll. 5. Hence it appears, that the principal axes, 
which can be drawn through any point whatever of a system, are 
always either three in number, or infinite in number. 

337 . Scholium. From what has been said the principal 
axes of the most simple figures are easily found. 

In the rectangular parallelepiped, the principal axes, drawm 
through the centre of gravity, are three straight lines parallel to 
the sides. 

In the sphere, every diameter may be taken as a principal 
axis. 

In the circle, as well for the periphery as for the area, one of 
the principal axes is a straight line, drawn through the centre, 
perpendicular to the plane of the circle ; the other two are any 
two diameters at right angles to each other : for every diameter, 
being similarly posited with respect to the circle, has an equal 
momentum of inertia. 

In like manner, in solids generated by revolution, the axis of 
revolution is itself one of the principal axes ; and the other two 
are any two straight lines, perpendicular to the axis, which cut 
one another at right angles. 
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CHAP. XVllI. 


ON THE MOTION OF A RIGID SYSTEM ABOUT aN 
IMMOVF.AHI.E AXIS. 

3 . 38 . Whilst a body, or a rigid system, revolves about an' 
immoveable axis, each point of it describes the circumference of a 
circle, which has its centre in the axis, and which has for radius 
the distance of that point from the same axis. Hence, the con- 
temporaneous velocities of different points are proportional to 
their distances from the axis. The velocity of those points, the 
distance of which from the axis = 1 , is called the Angular Velo- 
city of tlie system. 

If the angular velocity be known, the velocity of each point 
in the system is known. Let the angular velocity = <o; then, 
the velocity of a point, or element, at the distance r from the axis 
of rotation = rw, 

339. Proposition I. If a body, moveable about an axis, 
be urged by a force acting in a plane perpendicular to the axis, 
the body will begin to revolve with an angular velocity equal to 
the momentum of the force divided by the momentum of inertia 
of the body ; both momentums being referred to the immoveable 
axis. 

Let F be the force ; a the distance of its direction from the 
axis ; .S' the momentum of inertia of the bodv in respect of the 

nF 

axis ; then the angular velocity will be to = -^ . 

For, let dMhe an element situated at the distance r from the 
axis of rotation. This element having, in virtue of the force F, 
received the velocity rw, and thence the force rwd M, if it turned 
round in a contrary direction, and if all the other elements did the 
same, the aggregate of these forces must (.'?00.) be in equilibrium 
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with the force F. Hence the sum of their momentums of rotation 

must (108.) be equal to the momentum aF of the force F. But 
the momentum of the elementary force rwdM = r'aidM, and 
the sum of these momentums = loj' r*dM — to 6’. VV'herefore, 


ft> .S' = a F ; and w = 


aF 

a ■ 


.■^40. CoroU. 1. If the force F, after its first impulse, cease 
to act, the body will go on continually revolving uniformly about 
the axis, and always (234.) with the angular velocity above deter- 
mined. 


341. CoroU. 2. But if the action of the force F is continual, 
the rotatory motion will be accelerated, and we shall have 

dw _ 
dt S 

For, let do) be the increment which the angular velocity receives, 
in the instant of time dt. The increment of velocity, which the 
element dM receives, will be rdcu; whence its accelerating force 


(203.) will be 


rdoi 


and its movinj: force will be 


r . dw . d M 


dt ’ ” " dt 

Now all these forces, acting in a contrary direction, must (300.) 
counterbalance the force F, and, therefore, the sum of their 

Sdw 

. — = at. 

dt'' dt 


momentums — a F. 


Hence —fr'dM = 


342. Scholium. VVe have next to investigate the stress sus- 
tained by the axis upon which the body revolves. And, first, wc 
shall consider the stress sustained by it, at the first movement of 
the body, in consequence of the impulse communicated by the 
force F; then, the stress sustained in the continuation of the 
motion, by reason of the motion itself, and independently of the 
force which has produced it. 


343. Proposition II. To determine the stress which the axis 
sustains, in consequence of the impulse of the force F. 

Let the axis of rotation be OZ (Fig. 13.) fixt in the two pivots 
M, N. Let the system be referred to three rectangular axes ; 
take OZ for the axis of z, and the force F lying in the plane of 
T, y, let the axis of x be perpendicular to the direction of that 
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force. Let OM = ON = J', be the ordinates which deter- 
mine the places of the two pivots. Take any element dM, to 
which belong the co-ordinates x z ; its distance from the axis 
OZ will be V'ix* +y’); hence its velocity = to 
and its force = wdM V'{x' -}- y*). This force is in the direc- 
tion of the tangent of the circle, which the point describes in its 
revolution, produced on that side towards which the rotation takes 
place. Hence, resolving it into two, the one parallel to x, the 
other to y, the first will be found = — wydM, the second 
= wx.dM. Wherefore, the sum, or resultant, of the first will 
be = — wJ'ydM, and that of the others = loJ'idM. These 
forces, acting in a contrary direction, must (300.) counterbalance 
the force F, which by the hypothesis, acts in the direction of y. 
Thus, in the system, there is an equilibrium between the force 
w J'ydM acting in the direction of x, and the force F — to J'xdM 
acting in the direction of y. Calling, therefore, p, q, the pressures 
sustained by the fulenim M in the direction of x and of y, and 
p', q', the pressures similarly sustained by the fulcrum N, there 
results (129.) 

p + p' = wJ'ydM; q + q' = F ■— wfxd M ; 
pI + p'V = = -o>fxzdM; 

whence may be determined the stresses sought. 

344. Scholium 1. If the force lies in a plane oblique to 
the axis OZ, it becomes necessary to resolve it into two, the one 
parallel to OZ, the other, F, situated in a plane perpendicular to 
OZ. The first of these forces will produce a further stress on 
the pivots M, N, w’hich must be determined as in Art. 131, and 
must be added to the stress arising from F. 

345. Scholium 2. The stress, which the impulse of the 
force produces in the first movement of the body, is soon coun- 
teracted by the resistance of the pivots M, N. This is not the 
case with the pressures which arise from the rotation of the 
body ; these last as long as the|rotation itself continues. We shall 
determine their values in the following proposition. 

346. Proposition III. To determine the stress sustained by 
the axis during the rotation of the body about it. 
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Each element dM describing the circumference of a circle, 
■which has for radius + y*), its centrifugal force will be 

expressed (260.) hy w* dM and this force acts in the 

direction of the radius itself produced. Resolving it into two 
forces parallel to x and y, these are xdM, aj* yd M. Now 
the aggregate of these forces is sustained and counterbalanced by 
the resistance of the pivots. Hence, calling p, q, the pressures 
sustained by the pivot M, in the directions of r, y, andp', q\ 
those similarly sustained by the pivot N, we shall have (129.) 

P + p' = to'J'xdM ; q + q' = <“*y ydM; 

P^+ P'V = oi^xidM; = m'fyzdM-, 

whence the required pressures may be determined. 

347 . Coroll. I. If the axis OZ be one of the three principal 
axes which pass through the centre of gravity of the body, the 
pivots sustain no pressure whatever. 

For, OZ being a principal axis, we have (325.) 

fxzdM — J'yzdM = 0; 

and since the centre of gravity is in the axis OZ, we have also 
(56.) fxdM = fydM = 0 : wherefore (346.), &c. 

348. CorolLO,. If OZ is a principal axis, but does not pass 
through the centre of gravity, then one pivot will suffice to sustain 
the axis of rotation. 

For, suppose the origin of the abscissas to be placed in M. 
'^Then, ^ = 0, J'x zd M =■ J’y zd AI = 0. 

Substituting these values, we find (346.) p' = 0, q' = 0-, 
wherefore, the pivot N will not sustain any pressure; and the 
other pivot M will sustain the pressures p =■ ui*fxdM \ 
q = a>^fydM. 
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El. EM ENTS or MECHANICS. 


CHAP. XIX. 


ON THE CENTUE OF PERCESSION. 

349 . Proposition /. If a body revolve about any one 
of its principal axes, to determine the resultant of the elementary 
forces. 

Let MRD (Fig. .'34.) be the section of the body, revolving 
about the axis CF, made by a plane perpendicular to that axis, 
and passing through the centie of gravity G. Let M be the 
mass of the body, S its momentum of inertia with respect to the 
axis CV, a) the angular velocity, and let the distance C'G = k. 
Let CF be taken for the axis of z, let MRD be the plane of 
X, y, and let CG be the axis of r. 

*liesolving the force of the element dM according to the ' 
directions of x and _iy, the resultant of all the forces parallel to x 
will be = — wJijdMj and the resultant of all the forces 
parallel to q will be = lofxdM (34.3.). These resultants will 
both of them fall in the plane MRD ; because their mumentums 
(55.), in respect to this plane must be equal to the sum of the 
momentuins of the forces, that is, to — <0 f y z d M, and 
wJ'xzdM; and Cf' being a principal axis, we have (.325.) 
J'y zdM = JxzdM = (). 

Again, calling A, i , the co-ordinates of the centre of gravity, 
we have (oO.)JxdJ\l~MX,jydM=- Mi. But, by the 
construction, X = k, 1 = 0. Wherefore, the resultant parallel 
to X. is = 0 ; and the other resultant = Mkw, and is perpen- 
dicular to CG. 

Now, we shall determine the point Q, in which the direction 
of this resultant cuts CG, by considering again that the momen- 
- turn of each of the two resultants, parallel to x and y, with 
respect to the planes of the co-ordinates must be equal to the 
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sum of the niomentums of the components. Hence, for the 
forces parallel to x, we shall have u>J'y‘d M — 0\ and for those 
parallel to^, we shall have Mku>.CQ.— o{fx^dM. Summing 
these two equations, there results 

Mk<i> . CQ = + y^)dM = o>S. 

S 

Whence CQ = — . Thus the required resultant of the 

M . k 

elementary force is fully determined both in quantity and 
position. 


350. Proposition II. In a body revolving about a principal 
axis, there is a point, called the Centre of Percussion, through 
which passes the resultant of all the elementary forces, whatever 
be the position of the revolving body, and whatever be the velocity 
of rotation. 

In the plane MRD (Fig. 34.) perpendicular to the axis CV, 
and passing through the centre of gravity G of the body, draw 

CG, and produce it to Q so that CQ = —7 . Then shall Q be 

Mk 

the centre of percussion. 


For (349 ) the resultant of the elementary forces will pass 

S 

through Q, and CQ = — ; and since this formula, which 

M.k 

determines the place of Q, does not contain either w, or F, or a, 
or any element depending upon the positions which the revolving 
body assumes, it is plain that the resultant will constantly pass 
through the point Q. 


351. Coroll. 1. The centre of percussion is always further 
from the axis of rotation than the centre of gravity. 

For, since the momentum of inertia, in respect of an axis 
which does not pass through the centre of gravity is always (304.) 

greater than 3/ A*, therefore 77— > k, or CQ> CG. 

Mk ' 


352. Cordll. 2. If the body is urged to revolve by a force 
F, acting in the plane MRDf perpendicularly to CG, and which 

S 
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passes through the centre Q of percussion, the impulse of this 
force will not produce any stress on the pivots which sustain the 
axis of rotation. 

This follows from the formulas of Art. 343. For since, in 
this case, 

fyzdM = fxzdM =fydM = 0 , 
and that J'xdM = Mk, we shall have 

p +p = 0, + p'l' = 0 , ?^+ 9 '^ = 0 ; 

„F 

and q-\-q' = F— Mkm. But (339-) w = — ^ « and here, by 

.s 

the hypothesis, — 

M k 


whence o) = -rrr> or F — Mkw = 0. 

Mk 


Wherefore, also, q + = 0 ; therefore, &c. 
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CHAP. XX. 


ON THE CENTRE OF OSCILLATION. 


353. A Compound Pendulum is a body, or a system of in- 
variable form, which, left to the action of its own gravity, oscillates 
about an horizontal axis. 

This differs from the simple pendulum, in which the mass is 
either not at all considered, or is supposed to be all concen- 
trated in a single point. 


354. Proposition. In a compound pendulum there is 
a point, called the Centre of Oscillation, in which if the whole 
mass of the oscillating body is supposed to be concentrated, the 
oscillations of this supposititious simple pendulum will be isochro- 
nal with those of the compound pendulum. 

Let MRD (Fig. 34.) be a section of the pendulum oscillating by 
its gravity g, about the horizontal axis CV, the section being made 
by a plane, perpendicular to the straight line CF, drawn through 
the centre of gravity G. Let the straight line CG make, with the 
vertical line CT, the angle GCT = Retaining the foregoing 
denominations, it is plain, that, as the whole weight of the system 
may be supposed to be collected in its centre of gravity G, the 
force which urges the system to turn about its axis = Mg, and 
that its momentum with respect to the axis CV will be 
Mgk sin. <j) ; wherefore (341.) the oscillating motion of the com- 
pound pendulum will be determined by the equation 
« 

da> Mg k sin. <p 
d t ~ ?? ■ 


r 

■Again, produce CG to Q, so that CQ = ; and suppose 

the whole mass AI to be concentrated in Q. Then k = CQ, 


Digitized by Coogle 



140 


ELEMENTS OF MECHANICS. 


and S=M.CQ*', and the oscillatory motion will depend upon 

dto Mesm.ib.CQ sam. <b 

the equation — = t— = ; or, since 

dt M.cQ' ca 


CQ = 



dw 

upon - 


Mg k sin. <p 
S 


But this equation is identical with the preceding equation. 
Wherefore, the oscillatory motion of the simple pendulum CQ is 
the same as that of the compound pendulum. 

355. Carol! , I. The centre of oscillation is, therefore, 
found in a manner altogether analogous to that by which the 
centre of percussion is found. If the body be cut by a plane, 
perpendicular to the axis, and drawn through the centre of gravity 

G, and if, in CG produced, there be taken CQ = -rT", . CQ will 

Mk 

be the length of the simple pendulum that is isochronal with the 
compound pendulum. 

356 . CoroU. 2. Hence we have an easv method of findins, 
mechanically, the momentum of inertia of a body, however irre- 
gular it may be. 

Make the body oscillate, through very small arcs, about an 
horizontal axis ; and, counting the oscillations made in a given 
time, the time of half an oscillation is easily found. Thence, 
by the formula of Art. 284., the length CQ of an isochronal 
simple pendulum will be known. Lastly, the equation S = Mk. 
CQ will shew the value of S referred to the axis of rotation. 

357- Coroll. S. Let it be required to find the centre of 
oscillation of geometrical lines and figures, supposing them to 
be heavy and homogeneous. 

Still calling k die distance of the centre of gravity from the 
axis of rotation, and L the distance of the centre of oscillation 
from the same axis, we shall have 

1. For a straight line of the length a, which oscillates sus- 
pended from its upper extremity, 

2 1 

L = - a t; -\ II. 

3 »i 
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2. For a rectangular parallelepiped, having for sides a, b, c, 
and suspended from an axis which bisects the upper base b , c, 
and is parallel to the side c, 

^ 1 4 - ^ 1 «*+ b^ 

Lj — “ • — - “t“ T. • • 

() a . \) a 

which value, if the side b be very small, coincides with that which 
belongs to a straight line. 


3. For a sphere of the radius a, 

7 - / - 4 - ^ 

4. For a s|)herical segment, a being the radius, and .r the 


sagitta, 


2 1 1 . > 1 
K — — r 


The value of L is the same for a line composed of two 
spherical segments. 


358. CoroU. 4. The following is an useful rule for finding 
the centre of oscillation of a system, when the centres of gravity, 
and the centres of oscillation of its several parts, are known. 

Let M', M" , M'" , &.C., be the masses which form the system; 
k' , k', k", 8tc., the distances of their centres of gravity from the 
common axis of rotation ; V, I" , I'", &c., the distances of their 
centres of oscillation from that axis : then 

^ M' kV + M" k' I" + M'" k" L"’. &c. 

^ - M’ k + M''k" + M"'k", &c. 


For, since L = 


Mk 


it is evident that the momentum of 


inertia of the first mass will be M' kl' , that of the second 
M" k" I", and so on ; and the momentom of inertia of the whole 
system, being the sum of the momentums of inertia of its parts, 
will be M' k I' M" k" /"+ &c. Also, by the property of the 
centre of gravity (55.) Mk = M' k' + M" k" + &c. Where- 
fore, &c. 
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359 . Coroll. 5. The centre of oscillation is not one single 
point of the system. 

For, if through Q (Fig. 34.) be drawn the horizontal straight 
line Q.V, parallel to the axis CV, it is manifest that each point 
of QF' oscillates precisely as the point Q. Wherefore, all the 
points of QV are centres of oscillation; and hence QV' is 
called the Axis of the Centres of Oscillation. 

360 . Coroll. 6. The axis of the centres of oscillation and 
the axis of suspension reciprocally correspond with each other; 
so that if QF* becomes the axis of suspension, CV will become 
the axis of the centres of oscillation. 

For, if QV become the axis of suspension, then k = QG, and 
the momentum of inertia referred to the new axis QV will be 
found by Art. .305. to be 

= S - Af (CG’ - Q&) 

= S- M(CG + QG) . (CG - QG) 

= S - M.CQ.CG+M.CQ.QG. 

But S = M . CQ . CG ; therefore, the momentum of inertia 

, , ,, „ „ /, M . CQ . QG 

IS reduced to Af.CQ. QG : whence L= — = CQ. 

M. QG 

Wherefore, &c. 
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CHAP. XXL 


ON THE INITIAI. MOVEMENT OF A RIGID AND FREF. 

SYSTEM ACTED UPON BY ONE GIVEN FORCE. 

361. We shall understand what must happen to a body, or 
any other rigid system, acted upon by several forces, if we first 
ascertain that which happens to it when it is subjected to the 
action of one single force. And here it is proper to distinguish 
two cases; inasmuch as the direction of the, force may pass 
through the centre of gravity, or not pass through it. 

362. Proposition I. If the direction of a single force, 
acting upon a body, pass through the centre of gravity, the body 
will acquire from it a progressive motion, with a direction parallel 
to that, of the force. 

For, since the moving force passes through the centre of 
gravity, it may be resolved into several equal and parallel forces, 
applied to each of the equal elements of the system; which will, 
therefore, move no otherwise than if every one of its elements 
were acted upon by equal and parallel forces ; it will, therefore, 
have a progressive motion. 

363. Proposition II. The same supposition being made, as 
that of the preceding proposition, the velocity of the body will be 
equal to the moving force divided by the mass of the body. 

Let M be the ma.ss, F the impelling force. If the force F 
be resolved into as many elementary equal and parallel forces as 
there are equal elements of the mass, it is clear that, as the sum 
of all those elementary forces must = F, and their number = M, 

F . . . F 

each of them must = — . ^V hence (10.) the velocity it = — . 

M M 
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364. Proposition HI. If the direction of a single force, 
acting upon a body, doe.s not pass through the centre of gravity, 
the body will acquire simultaneously two motions ; the one pro- 
gressive, as if the force had passed through the centre of gravity ; 
the other rotatory about the centre of gravity, as if that centre had 
been immoveable. 

Let MRD (Fig. 3.5.) be a section of the body,made by a plane, 
passing through the centre of gravity G, and through the direc- 
tion of the impelling force AP. Through G, peiqjendicular to 
this plane, let there be drawn the axis GX. Draw, also, G.4 
perpendicular to AP ; and, GB being taken equal to GA, 
suppose the two opposite forces BQ, BS, each equal to the half 
of AP, to be applied to the point B. Let the force JP be 
divided into two equal forces AK, KP. 

Thus, for the force AP, we may substitute the four equal 
forces AK BQ, KP, BS. Now' the resultant of the two first 
AK, BQ, passes through G and is parallel to AP, and equal to 
AK•^-BQ, or to AP. Wherefore, as far as regards the two 
forces AK, BQ, the body will move exactly as if the force AP 
passed through the centre G. 

The other two forces, KP, BS^ manifestly tend to turn the 
body about the axis GX, in the direction of the force AP, 
and with the momentum KP . GA -j- BS . GB. And, since 
GB = GA, and KP-A-BS = AP, this momentum becomes 
AP .GA, which is the momentum of the force AP to turn the 
body about GX. Wherefore, by the two forces KP, BS, the 
body will revolve about the axis GX, as it would do by the sole 
force AP, if that axis were immoveable. 

365. Proposition IF. The same supposition being made, 
as that of the preceding proposition, the velocity of the progres- 
sive motion is equal to the moving force divided by the mass 
of the body ; and the angular velocity of rotation is equal to 
the momentum of the force divided by the momentum of inertia 
of the body ; both the momentums being referred to the axis of 
rotation GX. 

Let the moving force = F ; the mass of the body = M ; 
its momentum of inertia = S ; the distance AG = n ; the 
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velocity of the progressive motion = «; the angular velocity 

= <t» : then shall u — w = — . 

M S 

For the progressive motion is the same (364.) as if the force 

F 

P passed through the centre of gravity : wherefore (363.), jQ- • 

Also (364.) the rotatory motion is the same as if the force F 

aF 

turned the body about the axis GX. Wherefore (339 ) “> = "^ • 


366. CoroU. 1 . The velocity of the progressive motion is 

F aF 

to the angular velocity of rotation as — to — , or as S to aM. 
Hence may be easily solved the following problem. 


To find in what point a given body must be fmpelled, so that 
acquiring contemporaneously a progressive and a rotatory motion, 
the velocity of the first may be to that of the second in the given 
ratio of m to n. 

nS 

We must have m : n S : a M : whence a — — r=. 

wAf 

Wherefore the direction of the impelling force must be distant 

nS 

from the centre of gravity by the space — ^ . 


367. Coroll. 2. In the straight line AG produced (Fig. .35.) 
there is a point, called the Centre of Spontaneous Rotation, which 
for any given instant is at rest ; because, as much as it advances 
by the progressive motion, it recedes by the rotatory motion. 

For the velocity of any point of the body is the resultant of the 
progressive and rotatory velocities which belong to it. Now, for 
the points situated in the straight line AGB, the two velocities 
are conspiring, or else opposite. Let, therefore, a point be taken 
m AB at the distance r from the axis ; its velocity will be 
« + ra», the sign + belonging to points between A and G, 
and the sign — to points which lie from G towards B. For 
these latter, then, the velocity being u — ra>, it will = 0, in the 

T 
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point where r = - or — Hence, taking GC= — C will 
warn a M 

be the centre of spontaneous rotation. 

368. Coroll. .'j. Hence it follows, that the double motion, 
with which the body is endued, may, for an instant, be considered 
as a simple rotatory motion about an axis parallel to the axis GX, 

u 

and distant from it bv the quantity - . 

to 

And, vice vers^, if the body have only a simple rotatory motion 
about any axis, the distance of which from the centre of gravity is 

It . . . . . • 

expressed by - , this motion mav for an instant be considered as 
a> 

compounded of two simultaneous motions, the one progressive 
with the velocity m, the other rotatory about G with the angular 
velocity a>. 

369. Scholium. If several forces act upon a body, its in- 
stantaneous motion will be compounded of all the progressive and 
rotatory motions due to each of the impelling forces. The com- 
position of progressive motions is already sufficiently known : it 
remains for us to explain the composition of rotatory motions, 
without which it cannot well be understood what will be the 
initial velocity of a body acted upon, at once, by several different 
forces ; much less can the course of the motion be determined. 
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CHAP. XXII. 


ON THE COMPOSITION OF HOTATOKV MOTIONS. 

370. Proposition I. If a system be supposed to turn 
at the same time about three rectangular axes of the co-ordinates 
OX, OY, OZ (Fig. 36 .), with the angular velocities p, q, r, 
respectively, so that, in the instant dt, it describes, about these 
axes, the very small angles pdt, qdt, rdt ; to express the change 
of place of any point M of the system in the time dt. 

First, consider the angular motion rdt about the axis OZ 
from X towards Y. Let OQ be the projection of OAf on the 
plane XOY. The point Q will describe, in the instant dt, the 
small arch Qq = OQ.rdt; and the point M will describe an 
arc equal and parallel to Qq. The co-ordinates of the point ilf 
are OP = x, PQ=^, QM=z\ and the similar triangles OPQ, 
qQr, give 

OQ : Qq :: OP : qr PQ ; Qr, 

or 1 : rdt :: x : dy :: yz : —dx. 

Whence, for this rotation, we shall have 

dx — ry .dt •, dy = rx . dt ■, dz = 0. 

Next, consider the rotation p .dt about the axis OX, from Y 
towards Z. Let OC be the projection of OAf on the plane 
YOZ. The point C will describe the small arc Cc=OC.pdt ; 
and the point Af will describe an arc equal and parallel to Cc. 
And the co-ordinates of M being 0B=y, BC = z, CAI = x, 
the similar triangles OBC, cCs, give 

OC : Cc :: OB : cs :: BC : Cs,. 

or 1 : pdt :: y : dz :: z : —dy. 

Whence, for this rotation, we have ' 

dx = 0 ; dy = — pz.dt; dz ^ py .dt. 
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Lastly^ considering the rotation about the axis OY, from Z 
towards X, let be the projection of OAf on the plane ZOX. 
The point N will describe the small arc Nn = ON. qdt ; and 
the point M will describe an arc equal and parallel to Nh : and 
the co-ordinates of M being OL — z, LN=i, NM = y, we 
shall have, from the similar triangles OLN, nNt, 

ON : Nn :: OL : nt :: LN : Nl, 

I 

or 1 : qdt :: z : dx x : — dz ■, 

wherefore, for this rotation, we have 

dx z= q z.dt ; di/ = 0 ■, dz = — qx . dl. 

And, if all the three rotations take place together, we shall have 
dx = dt (qz — ry), 

(O dy = dt (rx — pz), 
dz — dt {py — qx). 

ajl. Coroll, 1. Through O draw the straight line OG, de- 
termined by this proportion, 

X ■■ y : z :: p : q : r. 

For every point of this straight line dx=0, dy=0, dz=0. 
Wherefore, for the instant dt, OG will remain unmoved, and the 
whole system will only revolve around it. From this properly 
OG is called the Instantaneous Axis of Rotation. 

372 . The position of this instantaneous axis of rotation is 
easily determined. 

Let f g, h, be the angles which it makes with the axis OX, 
OF, OZ ; and put -f y* -|- r*) = V. Then 

cos./ = p ; cos. g= cos. A = - . 

373 . Coroll. 3. The angular velocity of this instantaneous 
rotation about OG will be V. 

For, drawing PR perpendicular to OG, we shall have 
PR = OP . sin./ = ( 372 ) p (/-)-r'). Now, for the point 
P, we have y = 0, r=0; and consequently (370.) dx = 0, 
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dy —rxdt, dz =■ — qxdt. Wherefore^ the velocity of the 
point P will be 


V(dx^ + df+dz^) 
dt 


I v/ (?“ + »■*)• 


And the angular velocity about OG will be 
TV/(v*-hr’)_ 

PA 

374 . Coroll. 4. Three rotations pdt, qdt, rdt, which 
take place together, about three rectangular axes, are equivalent 
to a single rotation, dt V^(p’ + + r’) about an axis which makes, 

with the three first, angles having for their cosines 

P 7 r 

4^(p* + 7* + r*) ’ +q^-\-/)’ y/(p‘ -\-q'' + C) 


And, vice versA, a rotation V . dt, about a given axis, is equi- 
valent to three simultaneous rotations V dt cos. f, Vdt cos, g, 
V dt cos. A, about three rectangular axes, which make, with the 
given axis, angles having for cosines g, A. 

375 . Proposition II. If the axes OX, 01', OZ (Fig. 36.), 
be supposed to be lixt in the system, so that, the three rotations 
taking place as in the preceding propositioq, each of the axes 
revolves, together with the system, about the other two ; to express 
the change of place of the three axes in the instant dt. 

These changes of position may conveniently be exhibited by 
means of Spherical Trigonometry. With the centre O (Fig. 37.) 
and with a radius = 1, suppose a sphere ABT to be described in 
solid space, and let X, Y, Z, be the points of its surface, through 
which pass the axes OX, 01", OZ. These axes being at right 
angles to each other, the arcs XY, Y'Z, ZX, will be quadrants of 
great circles, and will cut one another at right angles. Let there 
be taken, at pleasure, a great circle of the sphere ATB, and in 
it let there be likewise assumed any point T. Also, the arcs 
of great circles TX, TY\ TZ, being supposed to be drawn, 
let TX — I, TY = TO, TZ = w, and the angles RTX — X, 
BTY = n, BTZ = V. Then, the three rotations pdt, qdt, 
rdt, about the axes OX/OY, OZ, taking place conjointly, it 
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is required to find what space the points X, Y, Z, will describe, 
in the instant dt, and how the angles /, m, n, X, f, will be 
varied. 

First, let the motion of the point X be investigated. By the 
rotation fdt, which is made on the pole .Y itself, it will not move 
at all : whence, for this rotation we have 
dl = 0\ d\= 0. 

For the rotation qdt, which is made on the pole F, the point 
X will describe a small arc = ^dt, perpendicular to YX; 
and drawing QR perpendicular to TX, we shall have 
XR= XQ. cos. TXQ, 

= - XQ. cos. TXZ= - qdt . 

sin. i 

QR = XQ. sin. TXQ 

= XQ . cos. TXY = qdt . . 

sm. / 

But XR = — dl, and the small arc QR is the measure of the 
angle QTX in a circle which has for radius sin. TX; whence 
QR = — d\ sin. /. Wherefore, for this second rotation. 


„ , cos. « , cos. tn 

dl = qdt — ; ; d\— — qdt — — ~ . 

, sin. / SHI. I 


In like manner, for the rotation rdt, which is made about the 
pole Z, we shall find 


dl = rdt— — d\= —rdt— — j- 


And when all the three rotations take place together, we shall 
have, for the movement of the pole X, the two equations 
dl sin. / ss dt(q . cos. n — r cos. wi), 
dX sin.*/= — . cos.m +r cos. n). 

In the same manner may be expressed the changes in place of 
the other two poles F, Z. Whence we shall have for the angles 
I, m, n, X, fx, V, these six equations, 

f d / . sin. / = dt(q cos. n — r cos. tn), 

(D) <dm. sin. /»3= dt (r cos. I — p cos. n), 

(dn. sin. » = dt (p, cos. tn — q .cos. 1). 
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fdX.sin.’ I = — dl{q .CO&. m-{-r co%. n), 

(_E) < dfi. sin.* »/i= — dt (r .cos. n +p cos. /), 

(^dv . sin.* n=—dtip. cos. I q cos. m). 

376 . Scholium I. Of the three angles I, tn, n, it will 
'be sufficient to obtain two from the equations (O) ; for the third 
will be known from 

cos.* I -|- cos.* m + cos.* n = I : 
and of the other three X, ft, v, it will be sufficient to obtain one 
from the equations (£); for the other two will be known from 
cos. (/tt ~ X) = — cot I cot m, 
cos. {v — ft) = — cot. m cot. ». 

377- Scholium 2. By the formulas here collected, if we 
know the three velocities p, q, r, with which the system revolves 
about three rectangular axes, we shall know the situation of any 
point of it at any instant ; either by means of the equations (C) 
if these three axes be fixt in space, or else by the equations 
(D), (£), if they be moveable along with the system. 
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CHAP. XXIII. 


ON THE MOVEMENT OF A FREE BODY ACTED UPON 
BY SEVERAL FORCES. 


378 . Proposition I. The forces which act upon each 
pbint of the system being given, to determine the initial move- 
ment. 


Let each element dM be referred to three rectangular axes, 
which pass through the centre of gravity of the body or system, 
and let the forces acting upon that clement be reduced (30.) to 
three P, Q, R, parallel to the three axes. What will be the 
initial motion of the body is easily collected from the Propositions 
laid down in the two preceding Chapters. 

First, it follows from Art. .364, 36j, that the centre of gravity 


will move, in the direction of x, with the velocity 


S.P 

M 


in the 


2.Q 

direction of y, with the velocity 


and in the direction of z 


2 ./? 

with the velocity • st) that the absolute velocity will he (19.) 


" = YjJ{c^-P)' + a.Qr + a.R^)} . 


and its direction will make (27.) with the axes of x, z, respec- 


tively, angles the cosines of which are 


2.P 2.Q 2.R 

Mu’ Mu’ Mu ■ 


Secondly, the body will revolve (364.) about its centre of 
gravity ; and we are next to find about what axis it will revolve, 
and with what angular velocity. 

Let F, G, H, be the sums of the momentums of the forces 
P, Q, R, to turn the body about the axes of x, y, z; and let 
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A, B, C, be the momentums of inertia of the body itself referred 
to the same three axes respectively. Tlie angular velocities dp, 
dtf, d r, with which the body will begin to turn about these three 

•II L \ ir I 

axes will be (.365.) — ^ , — g— , —p— . If, then, we put 


C 


V + :jp + ~(y) = 

the instantaneous axis of initial rotation will make (374.) with the 

F Cj H 

three axes, angles the cosines of which are — — , ; 

' * ^ .Q' B.il L.U 

and the incipient angular velocity will be dw — Q.dt. 

379 * Scholium 1. Hitherto we have determined the iwt/iaf 
movement of the body. But as their mutual connexion does not 

leave each of the elements of the body at liberty to preserve the 
velocity and the direction first acquired, it is necessary, in order 
to determine the progress of the motion, to recur to that proposi- 
tion (299.) which teaches us how to assign the movements, as they 
are affected by mutual actions amongst the parts composing the 
system. 

It is to be recollected, therefore, that x, y, z, being the co- 
ordinates of the element dM, the velocities with which this ele- 
ment moves in the directions of the ordinates, will be (206.) 

dx dy dz ... 

— , ~r j ~r • Tlie increments of the velocities impressed in 
dt dt dt ^ 

the instant dt, by the accelerating forces P, Q, R, (206.) are 

Pdt, Qdt, Rdt. The increments of the velocities, which 

dx , dy , dz 


obtain effectively, are expressed by d.—^, 


Now 


(SOO.) the system of forces due to the impressed velocities, must 
be in equilibrium with the system of forces due to the effective 
velocities, supposing them to act in a contrary direction. Where- 
fore, if each element dM were acted upon by the three forces 

dM(^Pdt-d.'^'^,dM(jidt-^d.^^.dM(jtdt-d.~^ 

acting respectively in the directions of the threq axes, the .whole 
system must be in a state of equilibrium. 

U 
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380. Scholium 2. For this equilibrium two conditions 
(123.) are required. The first is that the sum of the forces 
parallel to each of the three axes must = 0. Hence, making 
the increment dt constant, we shall have the three equations 

~ ddx 
fPdM=fdM.jp, 

(4) fQdM=fdM.^^, 
/RdM=fdM.~. 

The second condition is, that the sum of the momentums of 
the forces, to turn the body about each of the three axes, must 
= 0. Wherefore (114.) for the rotation about the axis of r, we 
shall have 

fxdM (jldt - —f ydM^Rdt — =0; 

or,fdMdt^Qz — Ri/^ = F.dt =f y.dM.^^—fzdM.'^^ . 

. . .A 

And, operating in a sinjilar manner for the other two axes, there 
will result the three equations 

Fdt = fydM.^ - fzdM.^, 
dt •' dt 

(B) Gdt = f'zdM.~ -fxdM.^, 

^ ’ dt dt 

Hdt =f rdM.^ -fydM.*^. 

As, therefore, the equilibrium of a solid system is determined 
by means of six equations (124.), so by six equations, and no 
more, is its motion determined. By the three first (A), the pro- 
gressive motion of the centre of gravity is determined ; by the three 
others ( B), is determined the rotation of the body about the centre 
of gravity, as in the two following propositions we shall separately 
shew. 

381. Proposition II. To determine, at any given time, the 
position of the centre of gravity of a body, the forces, wjiich act 
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upon each point of it, being given. After the time t, let the 
co'ordinates of the centre of gravity be X, ¥, Z; by the property 
of that centre we have 

MX-fx.dM-, MY^fy.dM; MZ =/z.dM. 
Hence, differentiating twice, and dividing each time by dt. 


M.ddX ddx 


M.ddY 

dt^ 




M.ddZ 

dt' 




Substituting these values in the equations (A), we have the 
equations 


ddX fP.dM ddY fQ.dM ddZ fR.dM 
dt'~ M ' dt' ~ M ' dt' ~ M ’ 


by which the motion of the centre of gravity is completely deter- 
nuned. 


383. Coroll. These equations are precisely the same as those 
by which is determined the motion of a point, acted upon (231.) 

fP.dM fQ.dM fR.dM 
M ’ M ’ M ' 


by the accelerating forces 


Now if the whole mass M of the body were collected in the 
centre of gravity, and if the forces P‘, Q, R, which act upon the 
elements dM of the mass, were all transferred to the centre of 
gravity, it is manifest that this centre would then be acted upon 


by the accelerating forces 


fP.dM fQ.dM fR.dM 


M 


M 


M 


It 


may be concluded, therefore, that the centre of gravity of a free 
body moves in the same manner as it would do, if the whole mass 
were re-united there, and if all the forces were immediately 
applied to that point. 


383. Scholium. In the first Chapters of this Book, whilst 
we were treating of the most simple motions of bodies of any 
kind, and particularly of heavy bodies, we considered the bodies 
themselves as points or atoms, abstracting altogether (225.) 
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from their mass and their figure. We now see that, in fact, the 
progressive motion of a free body, is always the same as if the 
body were reduced to a single point, and that neither the mass 
nor the figure produce any change in it. The progressive motion 
may, however, sometimes be accompanied by a rotatory motion, 
which is determined by the following proposition. 

384. Proposition III. To determine, at any given time, the 
position of any point of a system, with respect to the centre of 
gravity, the forces which act upon each point of the system being 
given. 

At the end of the time t, let the centre of gravity be found at 
0 (Fig. 36.). 

Let the point O be taken for the origin of the co-ordinates, 
X, y, z, and the three principal axes, drawn through it, for the 
axes of these co-ordinates. Also, let p, q, r, be the angular ve- 
locities with which the body turns about each of the three axes. 
To determine p, q, r, we may proceed thus. 

In the equations (B) of Art. 380, instead of the differentials 
of the co-ordinates, dx, dy, dz, put their values deduced from 
the equations (C) of Art. 370. And, since OX, OY, OZ, are 
principal axes, we have (330.) J'xy . dM = 0, J'xz .dM— O, 
J' yz.dM = 0 ; whence all the terms will disappear, which, under 
the integrating sign, contain either xydM, xzdM, or yzdM, 
multiplied by any function of p, q, r ; because p, q, r, are func- 
tions of no otlier variable quantity than t, and therefore go out of 
the sign of integration. Further, calling, as before. A, B, C, 
the momentums of inertia of the body with respect to the three 
axes OX, 0i\ OZ, we have 

/rfM(y»+ z*)=A; /d3f(x*-|-z‘) = J5; /rfM(x*-f-/)=C. 
The substitution above directed, being therefore completed accord- 
ingly, will give, in the last place, the three equations, of a very 
simple form, 

F . dt = A . dp + {C — B) qr . dt, 

(B') G.dt = B.dy-f (A - Opr.dt, 

H. dt = C .dr -|- (B — A) pq. dt\ 
by which may be determined the three velocities of rotation p, q, r; 
and thence the situation of every point of the system. 
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For, when the values of p, q, r, are expressed in terms of t, 
by substituting them in the equations (D) , (£), of Art. 375, and 
then integrating those equations, we shall know what, at any time, 
will be the situation of the three principal axes OX, OY, OZ. 
Afterwards, substituting the same values in the equations (C) of 
Art. 370, and then integrating them, we shall have, expressed in 
terms of t, the co-ordinates x, y, z, of any point referred to these 
three axes, of which the situation is already determined. 


385. CoroU. The three velocities p, q, r, being known, we 
shall also know (372, 373.) for any instant, about what axis, and 
with what velocity, the body revolves. 


386. Proposition IF. To determine the rotation of a body 
not acted upon by any accelerating force. 

In this case, F=G = HssO-, and if we put 




the three equations (B), of Art. 384, become 

dp = Lqr.dt; dq = Mpr.dt; dr— Npq.dl. 

Put pq r.dt = and we have 
p - dp = L ,d<p; q .dq = M .d<l>; r.dr = N .d(f} -, 
and, integrating, 

p^ = 9.L(f> + a»; = QM(j) + 6’; r^ = ^N<p + c\ 

a, b, c, being the initial values of p, q, r: hence 

, d<p 

V^(2i0 -f- o‘). (2A/^ -1- 6“).(2N0 -h c’)' 
Integrating this equation, so that t = 0 may give 0 = 0, we 
shall know, at any instant, the value of <f>, and thence also those 
of the three velocities p, q, r. 

It remains to determine the position of the principal axes, de- 
ducing from the equations (D) (375.), the angles /, m, n, and 
from the equations (£) the angles X, ft, v. If, for the sake of 
abridgement, we write 

C*c") = K, 

the equations (D) will be satisfied, by putting 

Ap Bq Cr 

cos. / — ; cos. m — ; cos. n — — : 
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And these values, substituted in the equations (D) render them 
identical with the equations ( B') (384.). 

Lastly, it will suffice (376.) to resolve the first of the equations 
(£), in order to deduce from it the angle X. Now this first equa- 
tion, after the substitution of the preceding values of /, m, n, 
becomes 

d\.{A^p'^ - = K.dt.{Bq* + Cr’): 

where, if in the place of p, q, r, we put their values already 
found in terms of t, we shall have a separated differential equation 
between X and t, the integration of which will give, for each 
instant, the angle X, and thence also the other two. 

387- Scholium. The values of the angles I, m, n, may 
seem incomplete, inasmuch as the arbitrary constant quantities 
a, b, c, are wanting ; which must afterwards be determined, so 
that t = 0 shall give the initial values of those angles. But this 
is not necessary here ; because the initial values are themselves 
arbitrary, it being allowable to fix at pleasure the point T in the 
sphere (375.) whence spring the arcs /, m, n. The proposed 
solution will, therefore, be complete, by so fixing the above-men- 
tioned point, that, in the beginning of motion, we may have 

Aa Bb Cc 

cos. I ™ ~ ; cos. m = ; cos. n — ~ . 

K K K 
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ON THE HOT.VTION OF A FHEE BODY ABOUT THE 
PRINCIPAL AXES. 

388. Proposition /. If a body begin to revolve about 
a principal axis, it will continue to revolve perpetually and 
equally about that axis. 

Let the body begin to turn about the axis OX, with the angular 
velocity a ; we shall have (386.) b — c = 0, and 

— * 

‘ ~ 2^MN’ <p,^{2L(j> + a^) ’ 

or, substituting for 2 L ^ + a* = 

1 dp 

dt = -= . ; 

^MN P - a 

whence, integrating, we deduce 

C + t ^MN = log. ^-r-^ , or 

2fl p + a 
' p—a C imtJldN 

= e • e . 

' p + a 

But it is necessary to determine the constant quantity C, so that 
when t = 0, p may = a : wherefore, e=0. Hence at any time 
t, we have p •sz a-, therefore 0=0, and q — r — 0. 

389 . Scholium 1. This singular property of the principal 
axes, that the impressed rotation about them continues perpetual 
and uniform, we had before ascertained in another manner ; it 
having been demonstrated (347.) that the centrifugal forces of the 
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elements of a body revolving about such axes, counterbalance 
each other ; so that the axis is equally drawn by them on every 
side, and does not incline toward one side more than toward the 
other. Thus an axis of this kind remains unmoved, without the 
aid of any support. 

390. Scholium 2 . We shall now investigate what takes 
place, if the axis about which the rotation commences, be not the 
principal axis OX, but remote from it by a very small distance. 
Hence we shall understand further what will take place, when, 
the body revolving about a principal axis, its rotation is disturbed 
by a very small shock. 

And since, generally speaking, of the three principal axes 
there are two, to which belongs the greatest, and the least, mo- 
mentum of inertia, whilst of the third the momentum of inertia 
is neither a maximum nor a minimum (322.) we shall separate 
these cases in the two following propositions. 

391 . Proposition II. If a body begin to revolve about an 
axis very near to that principal axis, to yrhich belongs the greatest 
or the least momentum of inertia, the axis of rotation will go on 
continually oscillating about tlic principal axis, always remaining 
very near to it. 

In this case, the initial velocities b, c (386.), will no longer be 
equal to nothing, but will be very small in respect of a. Hence 
the equation between t and <p will give <f> a very small quantity, 
and therefore p will be very nearly = a. Putting p = a in tlie 
two last of the equations, (H) (384), and then differentiating 
them, their combination will give > 

^ = 0; ^ - a^MNr =0; 

two linear equations, which, integrated so that t = 0 may give 
q = b, and r=r, will make known the values of q and r, expressed 
in terms of t. 

Now, by the hypothesis, the momentum of inertia A, being a 
maximum, or else a minimum, will . either be greater than each of 
the other tw'o R, C, or less than each of them. In both cases, 
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ii is evident (386.) that M and N will huve-uontrat}' signs, t > 
therefore, N = — Mk’, and the two equations will become 

/ iM A y = 0; ~ + rt M A’r = 0, 


which, integrated as above directed, will give , 
kq ~ c sin. a Mkt + bk cos. q MJit ; 
r — c cos. a Mkt — bk sin. a Mkt. 
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These values of q and r remain always very small, whatever 
may be this increase of I, and go on continually vibrating betwixt 
the limits q = b, kq = c ■, r = c, r = bk. ^Vhence it may 
be easily inferred (374.) that the axis of rotation goes on per- 
petually oscillating about the principal axis, remaining always 
very near to it ; and that the angular velocity of rotation is very 
nearly constant, being liable only to very small periodical 
alterations. 


392 . Proposition III. If a body begin to revolve, about an 
a.\is very near to that principal axis to which belongs neither the 
greatest, nor the least momentum of inertia, the axis of rotation 
removes itself, indefinitely, from the principal axis, and the 
velocity of rotatioii does not remain constant. 


The momentum of inertia A being, by the hypothesis, inter- 
mediate between the other two B, C, it is plain that M and 
N (386.) will have the same sign. Let N = Mk*. The equations 


-JP - u^M^k q 


0 , - a* M*k\ = 0 . 

dt* 


when integrated, will 'give 

ikq =(bk + c)e’“*' + (bk-c)e-^^' , 

«r = (AA + c)e*"“ - (AA-c)e-*"". 

These values, as t increases, vary beyond all limits. Whence 
it may readily be inferred, that the axis of rotation may remove ^ 
itself inde6nitely from the principal axis, and that the velocity of 
rotation may increase, or be diminished, indefinitely. 

393 . CoroU. From what has been said it may be collected, 
that although it is always true that the revolution of a body about 

X 


I 
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any of its principal axes is^ by its own nature, perpetual and unK 
form ; if nevertheless, it happen that, from any new impulse, the 
axis of revolution have any small nutation, when this axis is one 
of the two to which belongs the greatest or the least momentum 
of inertia, then the uniformity of the rotatory motion will not be 
disturbed, further than that the axis of rotation will go on vibrating 
about its first position. This will not be so, if the revolution be 
made about the third axis. Wherefore, the rotation is stable 
about the two first axes, unstable about the third. 
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Section III. 

ON THE MOTION OCCASIONED BY IMPACT. 


CHAP. XXV. 

ON DIRECT AND CENTRAL IMPACT. 

394. If two bodies, going on with a progressive motion, 
come in contRct with one another, and if their centres of gravity 
move in the same straight line, which is perpendicular to a 
plane touching both bodies in the point of contact, the impact is 
said to be direct and central. 

But if the straight line described by the centre of gravity of 
one of the bodies, is perpendicular to the tangent plane, but yet 
does not pass through the centre of gravity of the other body, the 
impact is said to be direct but eccentric. 

If, lastly, the path of the centre of gravity of one of the bodies 
is not perpendicular to the tangent plane, the impact is said to 
be oblique. 

We shall, first, consider direct and central impact. 

395. Propositioh . If the mass A, moving with the 
velocity V, strike the mass B, moving, in the same direction, 
with the less velocity r, the two masses, after direct and central 
impact, will move on together ; and their common velocity will 
be 

, B(V-v) A[V —v) AV •\r Bv 

-J+T- "' + TTF' “ ^TFB- 
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It is plain that the two masses will, in consequence of the - 
impact, acquire an equal velocity : for if the mass A preserved a 
velocity greater than that acquired by the mass B, this latter 
would impede the motion of A ; and the impact would continue, 
until the mass B, having acquired a. velocity as great as that re- 
tained by A, would no longer serve as an impediment to its 
progress. ^ 

Let then x be this common velocity ; the forces of the two 
masses, which (133.) before the impact were A.V, B.v, will, 
after the impact, become A.x, B.x, Wherefore, (300.) the 
forces A.V, B.v, must be in equilibrium with the forces 
— Ax, —Bx: whence, 

A{V~x)fB(,v-j-x) = 0, 

from which equation are deduced the assigned values of x. 

If the body struck be at rest, c = 0 ; and, if the two bodies 
meet each other, v becomes negative. 

i 

396 . Coroll. 1. The change of force is equal in both the 
bodies) that of the velocities 'is inversely proportional to the 
fliass. > ' . ' ■ - . 1 

397 • Cdroll. 2. 'Fhe velocity of the common centre of 
gravity of the two bodies, and the sum of their forces, remains ' 
the same after impact as it was before. 
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CHAP. XXVI. 


ON THE IMPACT OF ELASTIC BODIES. 


398. Hypothesis. Thebe are bodies which, by impact, 
suffer compression, and, after impact, endeavour to resume their 
original form, with a force proportional to the impact itself : so 
that this force of restitution gives them, in a contrary direction, 
a determinate part of the force, and consequently of the velocity, 
w'hich they had lost in the impact. ^ 

. 399. This force of restitution is called Elasticity, which is 

said to be perfect, if the body endeavours to resume its form with 
precisely as much force as its loses in the impact ; and imperfect, 
if the body endeavours to resume its form with a less force. 

If bodies suffer no compression at all from impact, they ■ 
are called hard; and if, when compressed, they exert no force 
whatever to recover their original form, they are called soft. 


400. P ROPOSITION . If the elastic mass ji, proceeding 

with the velocity F, strike with a direct and central impact, the 
elastic mass It, moving with the velocity v ; and if the fraction 
p express that part of the velocity lost in impact, which is re- 
acquired by the body,' from its elasticity, in a contrary direction, 
then, after the impact, the velocities will be 


of the mass F — (1 

of the mass B r -f- (1 


+ p). 
+ p). 


0) 

' A + B ' 
A{V- V) 
A + B ■ 


Calling X the common velocity which the bodies A and B 
would acquire by the sole effect of impact, A will have lost by 
impact the velocity I' ~ x, and B the velocity v — x. Where- 
fore, after impact and the successive restitution, the velocity of A 
(398.) will he X — p ( V ~ x), and the velocity of B will be 


r ,p{v —T x); where, putting for j its value (.395.) 
there will result the velocities above expressed. , 


AF + Bv 
A + B 
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401. Coroll. 1. If we makep = 0, we return to the case of 
non-elastic bodies, which is the .subject of the preceding Chapter : 
if we make p = 1, we have the case of perfectly elastic bodies. 
In general, whatever be the value of p, the properties, cnuntiated 
in Art. SQ6, 397, will be found to obtain. 


402. Coroll. 2. The product of the mass of a body by the 
square of its velocity, is railed the body’s Vis Viva. And if the 
loss of vis viva, which lakes place in impact, be calculated, it will 
be found to be 


(I - p’) 


A.B.(V - lO’ 
J + B 


whence it is notjiiiig in the impact of perfectly elastic bodies, and 
it is greatest in the impact of non-elastic bodies. 


403. Coroll. 3. The difference of the velocities, or the rela- 
tive velocity, which before the impact was V — », becomes, after 
the impact, — p (I^— t); so that, if the two bodies are perfectly 
elastic, the relative velocity is the same both before and after the 
impact. 

404. Coroll. 4. If the two masses are equal and perfectly 
elastic, they exchange, by the impact, their velocities. 

405. Coroll. .5. An elastic body striking, directly, with the 
velocity V, an immoveable obstacle, rebounds, in the same line, 
with a velocity = pV. For, then, it is the same as if the mass 
B, of the body struck, were infinite, and its velocity = 0 ; in 
which case the velocity of the striking body A becomes — pV. 

406. Coroll. 6. Let there be a series of elastic masses de- 
creasing in a geometric progression, of which the exponent is q : 
let the first mass, moving with the velocity V, strike the second at 
rest ; let this, with the velocity acquired from the impact, strike 
the third, and so on : it is required to 6nd the velocity which 
will be communicated to the ;t‘*' mass. 


Applying the formula of Art. 400, we shall find that the 

1 IJ 

second mass receives the velocity q . • V ; that the third 

^ 1+9 ' 


receives 


( 1 + pV 

9 . velocity of 


.he mass„( 9 .|-^y ' f. 
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ON ECCENTRIC IMPACT. 

407- Proposition . Let the non-elastic mass A, 
moving with the velocity V, strike with an eccentric impact, the 
non-elastic mass B, moving with the velocity v, and in a direction 
parallel to that of A : it is required to tind the motion of both 
the masses after impact. 

Let MOE, MRD (Fig. So.) be the sections of the two bodies 

A, B, made by a plane passing through their centres of gravity 
T, G, and through the direction T".! of yl's motion ; let the dis- 
tance of this direction, from the centre of gravity G of tl\e mass 

B, be GA = a : let x be the velocity which remains to the mass 
A after impact ; and since the other mass B will (.364.) after im- 
pact, have two motions, the one progressive, the other rotatory 
about the axis GX, let « be the velocity of the former, and w the 
angular velocity of the latter. 

First, then, the forces A. V, B.v, must (300.) be in equili- 
brium with the forces —4.1,— B .u ; whence 
A (f' — x) + B (v — u) — 0. 

The body B is urged to revolve, by the force which the body 
A loses in the impact, vvhich is A {E — r). Wherefore, calling 
S the momentum of inertia of the body B, in respect to the axis 
GX, we shall have (.365.), 

a A {V — r) 

" _ - . 

I..a.stl y, from what was said in Art. 3Q5, it appears that as much 
velocity ought to remain to the mass MOE, 'as those points of 
the mass MRD acquire, which are in the line TA, along which 
the body MOE proceeds in its motion; so that the remaining 
veloritv of the striking body mtist be that which the point 4, of 
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the mass stnick, acquires. But the remaining velocity of the 
striking body is = t ; and the velocity which the point A acquires 
is (3G7.) = u Wherefore, 

X = M + 

We have, therefore, three equations, from which hiay be found 
the three unknown quantities x, u, oi. 


408. Coroll. I. The problem will scarcely be more difficult, 
if one, or both the bodies be elastic. The force of elasticity 
restoring to the bodies in a contrary direction, a Velocity propor- 
tional to that which they lose from the impact, it .will Suffice, 
first, to find the three velocities x, «, a>, as they would be, if there 
were no elasticity ; and then to substitute for them, respectively, 
X — p (V — x)\ u — p (v — u)\ m + po).^ 


409. Coroll. 2. If the body struck, is connected by an in- 
flexible line, with an immoveable axis, it cannot have, or acquire 
from the impact, any progressive motion. There remain, tlieq, 
only two unknown quantities x, ce ; to determine which, referring 
the momentums to the axis of rotation, we have, as above, the 
two equations 

Aa (V — x) 


tti 




y 


T 


at». 
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CHAP. XXVIll. 


ON OBLIQUE IMPACT. 

410. Proposition. Xo find the motion of two given 
masses, moving with given velocities, and in given directions, after 
oblique impact. 

Resolve the velocity of each of the masses into two, the one 
perpendicular to the plane touching both the masses in their point 
of contact, the other parallel to that plane. I'he first occasions 
the impact and undergoes those changes, which we have before 
shewn how to determine. The second remains unaltered; because, 
by it, the bodies do not strike, nor mutually act upon, each other. 
Compounding, therefore, this latter with the former, modified 
according to the laws of direct impact, we shall have the veloci- 
ties, and the directions, of the two bodi.^s after the impact. 

411. Coroll. 1. By way of example, let this problem be 
proposed. The velocity, and the angle of incidence, with which 
an elastic sphere strikes an immoveable plane being given, to 
find the velocity and the angle of reflection. 

Let u be the velocity, and a the angle of incidence. Resolve 
the velocity u into two ; the one perpendicular to the plane, which 
will be = u sin. a ; this causes the impact, in consequence of 
which, the sphere would rebound perpendicularly (405.) with a 
velocity = pu . sin. a : the other parallel to the plane, which will 
be = II . cos. a ; and tliis remains unaltered. 

Compounding, then, these two velocities pu . sin. o, u cos. a, 
the directions of which are perpendicular to each other, the velo- 
city of reflection will be found to be 

u t/(cos.* a -1- p*. sin.’ a). 

V 
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And, if be the angle of reflection, 

n pu sin. a _ 

tan. (i = ; or tan. a = p. tan. o. 

u cos. a 

412. Coroll. 2. Hence, if the elasticity be perfect, the velo- 
city, and the angle of reflection, will he equal to the velocity, 
and to the angle of incidence. 
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PROBLEMS IN MECHANICS. 

1. Of three forces, which, acting upon a given point, keep 
it at rest, the quantities of the first and third, and the directions 
of the first and second, being given, to find the quantity of the 
second force, and the direction of tlie third. 

2. Three forces being each of them given as to quantity, and 
their directions being each to pass through a given point, to find 
a point, wliich, if the forces be made to act upon it, shall be at 
rest ; the three given points not being in the same straight line, 
and any two of the forces being greater than the third. 

3. A body, acted upon by three forces, cannot be at rest, 
unless the directions of the forces be in the same plane and meet 
in one point, and unless each of them passes through the angle 
made by the other two. 

4. A point, placed in the centre of a sphere, and acted upon 
by more than two forces, cannot be at rest, unless the directions 
extend, if they be in the same plane, over more than a semi- 
circle ; or, if they be in different planes, over more than a 
hemisphere. 

5. There being given the directions of four forces lying in 
different planes, and acting upon a given point, to determine the 
quantities of the forces, when they keep the given point at rest. 

6. If the directions of more forces than four be given, the 
forces lying in different planes and acting upon a given point, and 
if it be required to determine their quantities, so that they may 
keep the given point at rest, the problem is either indeterminate 
or impossible. 
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/. If any number of forces S, S', S". . . . act upon a free 
point in the directions s, s', s". . . . , and if r be the direction of 
their resultant R, then, 

R dr = Sds + S'ds' -f S"ds" 

8. If a system of points A, B, C . . . . be acted upon by the 
forces S, S', S". . . . respectively in the directions s, s', s", when 
there is an equilibrium, 

Sds + S'ds' + S"ds".... = 0. 

9* I'here being given the quantities and the directions of 
two forces, acting on the given points of a given lever of any kind, 
to And the place of the fulcrum, and also the quantity and the 
direcUon of the pressure on the fulcrum, when there is an equi- 
librium. 

10. Three weights, A, B, C, being given, and also the 
weights of the scales D, E, of a balance, to And the place of the 
fulcrum, so that one of the given weights, as B, may balance the 

■ weight A in the scale D, and the weight C in the scale £ ; the 
length of the beam, which is supposed to be withbut weight, being 
also given : to determine, also, the limitations under which the 
problem is possible. 

11. If the fulcrum be similarly posited iu two straight levers, 
AB, ab, if P, p, be two weights suspended from the ends A, a, 
of the corresponding anus AC, ac, and if at the ends of the 
other CB, cb, there be hung two counterpoising weights, W, w, 

which are to one another as AC" to ac", then, P : p :: CB" : c6“. 

12. If two unequal straight levers have an arm (£) of the 
one equal to an arm of the other, and if from the two remaining 
arms (4), (a), be hung the weights P, p, such that P : p :: A* : a", 
and if (IF), (tc), be the weights which, hung at the other arms, 
counterbalance them, then, W : w :: A"'*'' : a"*'. 

13. The divisions of a steelyard, which has a given weight 
suspended from one end, and the fulcrum of which is moveable 
are harmonic proportionals. 

14. 'I'he powers (P), ( P'), being supposed to act at the eatre 
mities A, B, of a straight lever AB, having its fulcrum at C, in 
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directions which meet in the point D, there will be an equili- 
brium^ if P : P' :: AD . CB : BD . CA. 

15. If two particles of matter, acted upon by forces tending 
to a given fixt point, and varying as the distances of the particles 
from that point, balance each other, at the ends of a given lever, 
in any one position of the lever, they will balance each other in 
any other position of it, the lever being turned about its fulcrum. 

16. The angle at which two planes are inclined to each 
other being given, and the weights, which balance each other, 
connected by a string passing over a fixt pully, having its centre 
in the intersection of the planes, to find the angles which the 
planes make with the horizon : the two parts of the string being 
parallel to the two planes, each to each. 

17 * To determine the angle at which the arm of an anchor 
ought to be inclined to the shank, in order that it may sink the 
deepest into the bottom of the sea ; the anchor being supposed 
to be dragged in the direction of. the shank. 

18. If a given power, applied in the direction of any given 
tangent to a wheel, support a given weight suspended from the 
axle, to find the direction and the quantity of the pressure, at the 
centre of that section of the axle, which passes through the 
directions of the power and the weight. 

19 - If a straight lever loaded, at a given point, by a given 
weight, be carried on the shoulders of two men of given heights, 
to find the quantity of pressure sustained by each of the men. 

30. If a weight is to be carried on a straight lever, having 
its extremities supported on the shoulders of two men, of given 
heights, whose strengths are to another in a given ratio, to place 
the weight so that its pressure on each of the men may be pro- 
portional to his strength. 

21. If a given heavy cylindrical rod be laid upon an horizontal 
table with a part, which is less than its half, projecting beyond 
the table, to graduate the projecting part, so that weights of 
■V 1, 2. . . . njb., hung at the divisions, may be just supported. 

23. If three given forces P, Q, R, act at the three angles 
Ay B, C, respectively, of a given triangle ABC, perpendicularly 
to its plane, to find their resultant, 
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1st, 

When 

P 

= Q=H, 




2dly, 

When 

r 

: (i 

: R : 

: BC : 

; AC : 

AB. 

3dly, 

When 

p 

: Q 

: R : 

I 

' Itc 

1 

' AC 

1 

' AB' 

4thly, 

When 

p 

: Q ; 

; R :: 

AB : 

BC : 

CA, 

5thly, 

When 

p 

: Q 

: R : 

1 

■ All ' 

1 

BC ' 

1 

' CA' 


23. To find the same as in the preceding problem, when the 
forces act in parallel directions, but not perpendicularly to the 
plane of the triangle. 

24. If two given and equal parallel forces act, toward the 
same parts, at ojiposite angles of a given parallelogram, to find 
the two parallel forces which, acting at (he two remaining angles 
of the figure, shall produce an equilibrium. 

25. If two parallel forces, acting at opposite angles of a given 
parallelogram, be not equal, no two forces, applied at the re- 
remaining angles of the parallelogram, can produce an equili- 
brium : but the equilibrium may be maintained, by two parallel 
forces acting at two other points of the perimeter of the figure. 

26. If a given parallelogram is to be kept at rest by four 
parallel forces, acting upon points in its perimeter, of which two 
act, toward the same parts, at opposite angles of the figure, and 
if the point, at which the thini force acts, be also given, to find 
the third and fourth forces, and the point of application of the 
fourth. 

27. A given triangle being supposed to be without weight, 
and to rest on three equal vertical props, placed at its three 
angles, to find a point in it, to which if a given weight be ap- 
pended, the pressures on the three props shall be to each other 
in given ratios. 

28. If a heavy body be suspended by a string, the two ex- 
tremities of which are fastened to two points of the body, it will 
not rest, unless a vertical, drawn through the centre of gravity 
of the body, pass through the point of suspension. 
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J29- If each of two given weights be connected with a 
given heavy sphere, at given points of its surface, by means of 
a string passing over a fixt pully, and if, when there is an equi- 
librium, the directions of the two strings meet, in the sphere’s 
centre, at a right angle, to compare the parts of the sphere’s 
weight sustained by the two strings. 

30. If G be the centre of gravity of a given triangle ABC, 
then GA : GB : GC :: sin. BGC : sin. AGC : sin. AGB. 

31. To find the locus of the centres of gravity of all the 
triangles which have a common vertex, a common vertical angle, 
and equal areas. 

32. There may be an indefinite number of triangular pyra- 
mids, in which the distances from the centre of gravity to the 
four angles of the solid are the same. 

33. If two given spheres touch one another internally, to find 
the oentre of gravity of the solid included between the convex sur- 
face of the less, and the concave surface of the greater sphere. 

34. To find the centre of gravity, first, of a given truncated 
pyramid ; secondly, of a given truncated cone ; thirdly, of a given 
segment of a paraboloid, cut off from it by a plane parallel to 
the axis of the solid. 

35. If two given eones be on the same base, to find the centre 
of gravity of the solid included between their surfaces ; first, when 
the two cones are on contrary sides of the common base; 
secondly, when they are on the same side of it. 

36. A system of heavy bodies being given, and also a point 
without it, to find the locus of all the points, from each of which 
if straight lines be drawn to the centres of gravity of the bodies, 
the sum of the products of each body multiplied by the distance 
of its centre of gravity from that point, shall be equal to the sum 
of the products of each of them, multiplied by the distance of its 
centre of gravity from the given pomts. 

37-^f one of the equal sides of an isoceles right-angled trian- 
gle, rests on an horizontal plane, and the other side is vertical, to 

Z 
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find the greatest isosceles triangle^ which can be described on the 
hypotenuse, as a base, so that the whole figure, being endued 
with an uniform gravity, shall not fall. 

38 . A heavy body cannot be sustained on a given inclined plane, 
by a force acting at its centre of gravity, unless the direction of 
the force lie within the supplement of the angle contained by two 
straight lines, drawn from the centre of gravity, the one perpen- 
dicular to the given plane, the other perpendicular to the horizon. 

39 . If a. given beam be suspended from a given point, in a 
vertical wall, by a string attached to one of its extremities, to 
place the other extremity of the beam against the wall, so that it 
shall be at rest. 

40. To find the common centre of gravity of three given 
spheres, consisting of particles attracted to the earth s centre, by 
forces varying as the distances of the particles from that centre ; 
the centres of the spheres and of the earth being supposed to be 
in the same given plane. 

41. To find the centre of gravity of a given finite straight line, 
in which the weight of each particle is supposed to vary as its 
distance from one extremity of the line, so as to be in a given pro- 
portion to common gravity at the other extremity. 

42. To find the centre of gravity of a triangle, in which the 
gravity is supposed to be uniform in any parallel to the base, 
whilst the gravity in any two different parallels, is proportional to 
their perpendicular distances from a straight line, drawn through 
the vertex, parallel to the base. 

43. To find the centre of gravity of a solid, generated by the 
revolution of a curve, the equation of which is y = aj", about 
its axis, the gravity being uniform in each section parallel to the 
base', and varying, in different sections, as x". 

44. To find the centre of gravity of the surface of a hemi- 
sphere, the gravity of each particle being supposed to vary as its 
perpendicular distance from a plane touching the surface at the 
extremitv of its axis. 
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45. To find the centre of gravity of a semi-circle, in which 
every particle is endued with a gravity proportional to its distance 
from the centre of the circle. 

46. To find the centre of gravity of a hemisphere, in which 
every particle is endued with a gravity proportional to its distance 
from the centre of the sphere. 

47 . The magnitudes of two forces being given, to find the 
directions, in which they must be applied to the ends of the axis 
of a given heavy cylinder, so as to support the axis in a given 
position. 

48. If two right cones, of the same uniform gravity, but of 
unequal altitudes, have equal bases, and rest each of them upon 
a prop, placed under any point in the circumference of its base, 
equal forces, applied at their summits, perpendicular to their 
axes, will retain their axes in a vertical position. 

49 . If a cone of a given weight, rest upon two given props, 
placed under the extremities of its axis, to find the pressure on 
each prop. 

50. If two similar right cones rest each of them upon a prop, 
placed under a point in the circumference of its base, the forces, 
applied at their summits, perpendicularly to their axes, which 
keep the axes erect, are to one another as the weights of the 
cones. 

51. If one extremity of a beam, which is a parallelepiped, rest 
upon a vertical post, to find the position of a cross-bar, of given 
length, to be fixt irfto the post, so as that it may best support the 
beam. 

52. If a given heavy triangle is to be supported by three 
equal props, one applied at its vertex, and the other two in its 
base, so that its plane shall be horizontal, the place of one of these 
two being given, to find that of the other, so that they may sustain 
equal pressures. 

53. If a given heavy cylinder, moveable about either extremity 
of its axis, be divided into n equal parts, their moving forces shall 
be as the successive odd numbers 1 , .S, 5 .... , beginning from 
the pivot of rolaliou. 
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54 . To divide a given heavy cylinder, moveable about either 
extremity of its axis, into two parts, the moving forces of which 
shall be to one another in a given ratio. 

55 . To divide a given heavy cylinder, moveable about either 
extremity of its axis, into a given number of parts, the movii^ 
forces of which shall be equal to one another. 

56 . If a small motion be given to a system of weights, which 
is in a state of equilibrium, the perpendicular distance of the 
centre of gravity of the system, from a given horizontal plane, 
will remain the same as before : and conversely. 

5 /. If a system of weights be in a state of equilibrium, the 
height of its centre of gravity, above a given horizontal plane, is 
the greatest, or the least, of those which obtain when the system 
loses its position of equilibrium. 

58 . If a given heavy body rest upon any two fixt surfaces, the 
sum of the pressures on the two surfaces, is always greater than 
the weight of the given body. 

59. If a given heavy sphere be supported by two given inclined 
planes, and if any triangle be taken, of which the plane passes 
through the sphere’s centre, and the two sides through the points 
of contact, and of which the base is horizontal, the base and 
the sides shall be respectively as the weight of the sphere, and 
the pressures on the two inclined planes. 

60. If a heavy sphere rests on two given inclined planes, its 
pressures against each of them, in an horizontal direction, are 
equal to one another. 

61 . If two given heavy beams press against each other at their 
bases, on the ground plane, and also rest against two given semi- 
circles, the diameters of which are in the same straight line, on the 
ground plane, to £nd the position of equilibrium. 

63. To find the position of equilibrium of a heavy cylindrical 
rod, resting against two points of a hollow hemisphere, first, 
when the length is greater than a diameter of the sphere, secondly, 
when it is less than a diameter. 

63. If a smaller sphere, of given weight and dimensions, be 
sustained, partly by resting against a given point of a sphere of 
greater given dimensions, and partly by a weight connected with 
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its centre, by means of a string passing over a given'fixt pulley, 
to find the weight. 

64. If a given heavy cube, pressing against each of two given 
immoveable spheres, be at rest in a given position, to compare, 
with its weight, the quantity of pressure against each of the spheres. 

65. If two heavy spheres, of given magnitudes, be put into a 
perfectly smooth and hollow hemisphere, to find the distances of 
the points of contact from the vertex of the hemisphere, when 
there is an equilibrium. 

66 . To find a weight which shall sustain a given weight rest- 
ing on a given point of the curve of a given parabola, the two 
weights being connected by means of a string passing over a fixt 
piilly, which has its centre in the focus of the parabola. 

67. If a given straight lever, loaded at a given point with a 
given weight, rest with one of its extremities against a given in- 
clined plane, to find the nature of a curve, against any point of 
which, if the other extremity of the lever rest, there shall be an 
equilibrium. 

68 . A curve being given in a vertical plane, to find another 
curve in the same plane, such that two given weights, connected 
by a string of a given length, which passes over a fixt pulley, 
shall balance each other, resting upon any two points whatever of 
the two curves. 

69. If a weight, of any given magnitude, however great, 
hangs freely, suspended by a string, any given power, however 
small, acting on the string in any direction, that is not vertical, 
will draw the string from the vertical line. 

70. If the string, to which a given weight, hanging freely, is 
attached, be acted upon, at a given point, by a given force, in a 
given direction, to find the height, to which the given weight 
will thus be made to ascend. 

71. If one extremity A of a string ABCD be fixt at a given 
point A, if the string pass over a fixt pully at C, and if a given 
weight W be hung at the g^ven point B, to find the weight, 
which must be hung at the extremity D, so that the part BC of 
the string may be horizontal, the point C being lower than the 
point A. 
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73. If a given heavy cone be suspended by a string, of given 
length, passing over a tack, and fastened to the two extremities of 
tlie cone’s axis, to find the position of equilibrium, and the 
tension of the string. 

73. If a triangle, in which the gravity is supposed to be uni- 
form in any parallel to the base, whilst, in two different parallels, 
it varies as their perpendicular distances from the base, rest upon 
three equal props, placed under given points of the triangle, to 
find the relative pressure on each of them. 

74. If a straight lever AB he loaded at one extremity A, 
with a given weight, at every point P, between A and B, with 
a weight, which is to the given weight as PB^ is to Ai^f 
and at B with a weight, equal to the sum of all the rest of the 
weights, to find the place of the fulcrum, so that there may be an 
equilibrium. 

73. An horizontal straight line being given, to draw from 
either of its e.vtremities a vertical, such that the time in which a 
heavy body falls down it, and afterwards, with its acquired velo- 
city, describes the horizontal line, shall be a minimum. 

76. To find the space due to the velocity acquired by a 
heavy body in falling down a system of planes, inclined at given 
angles to the horizon and to each other. 

77 * If two given inclined planes have a common altitude, to 
cut off from the one a part, which shall be described by a falling 
body in the same time as the other. 

78. To find the locus of all the points, from each of which 
if two straight lines be drawn to two given points, the times of 
descent through them, by a body falling freely, shall be equal to 
one another. 

79 - times ill which two planes, of the same altitude, are 

described by two heavy bodies, projected down them with equal 
velocities, are to one another as the lengths of the planes. 

80 . If two given heavy bodies begin to descend from the same 
point, the one in a vertical line, the other in a line which has a 
given inclination to the horizon, to find the path described by 
I heir common centre of gravity. 
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81. If two given heavy bodies be projected, at the same 
instant, from the same given point, with given velocities, the one 
along an horizontal plane, the other perpendicularly to the hori- 
zon, to find the path described by their centre of gravity. 

83. If a heavy body fall down a given inclined plane, to 
compare the spaces described, in equal and given times, at the 
beginning and at the end of its descent. 

83. Two equal spaces being given in the line described by a 
body falling freely from rest, the one at the beginning of motion, 
the other between two given points of that line, to compare the 
times in which they are described. 

84. From the bisection of a given vertical straight line, which 
rests on the ground, to draw, to the ground plane, a straight line, 
down which if a heavy body begin to fall, with the velocity due 
to half the given line, the time of its descent shall be equal to 
the time of falling freely through half the given line. 

85. To find the perpendicular altitude, above a given inclined 
plane, through which a heavy body will be as long in falling from 
rest, as it is in describing the given inclined plane, beginning to 
fall down it with the velocity due to that perpendicular altitude. 

86. If two straight lines, meeting in a point of the ground 
plane, be inclined at given angles to the horizon, to find a point 
in one of the lines, from which, if a heavy body fall down that 
line, a given point, in the other line, will be tbe limit of its ascent. 

87- If two heavy bodies be projected, with equal velocities, 
from the same point, the one directly downwards, the other along 
a given inclined plane, to find the spaces described by them, 
in any the same given time. 

88. If two heavy bodies be projected, with equal velocities, 
from the extremity of the vertical diameter'of a vertical circle, the 
one down the diameter, the other along any chord terminated in 
that extremity, the chord shall be described in a less time than, the 
diameter. 

89- If a heavy body be projected along a given inclined plane, 
to assign two points in its course, between which it shall be as 
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long ill passing, as it would be in acquiring the veloci^ of pro- 
jection, by falling freely from a state of rest. 

90. If a heavy body, after descending freely through a given 
vertical line, begin to fall, with its acquired velocity, down an 
inclined plane, the part of the plane which is described in the 
same time as the given vertical line, is greater than the double 
and less than the triple of that given line. 

91. If a heavy body be projected up a given inclined plane, 
with a velocity acquired in the time t, by falling freely through 
the given vertical line a, the space which it will describe on the 
plane in the time t, shall be greater than a. 

92. Of all inclined planes, which have the same given altitude, 
to And that which shall be described, by a heavy body falling 
down it, in a given time. 

93. To place an inclined plane, of a given length, so that 
it shall be described, in the given time t, by a heavy body, pro- 
jected, first, down it, and secondly, up it, with a velocity acquired 
by the body falling freely for the time I : to find also the limita- 
tions of the problem. ' 

94. From the greater of two given inclined planes, having 
the same altitude, to cut off a part, which shall be described by a 
falling body, first, towards the beginning of its motion ; and 
secondly, towards the end of its motion, in the same time as that 
in which the lesser plane is described. 

95* To determine the velocity, with which a heavy body 
must be projected down a given inclined plane, 90 as that it shall 
be exactly as long, in describing the plane, as it is in falling from 
' rest through the altitude of the plane. 

96. To determine a portion of a given inclined plane, equal 
in length to the plane’s altitude, which shall be described, by a 
falling body, in the same time as that in which the altitude is 
described, by a body falling through it from rest. 

97 - If ABC be a triangle, the plane of which is vertical, and 
the base BC horizontal, to find a point D in BC, such that, 
AD being joined, the time of a heavy body’s falling down AD 


Digitized by Google 


APPENDIX. 185 

and aAerwards describing DC, with the velocity thus acquired, 
shall be equal to the time in which it would fail down BC. 

98 . To compare the time in which a heavy body falls down 
the vertical diameter of a given circle, with the time in which 
I two chords, drawn from its extremities to a given point in the 
circumference, are described by a body falling from rest down 
the upper chord, and entering upon the lower chord with the 
velocity thus acquired. 

99* One of the two semi-diameters, which bound the 
quadrant of a given vertical circle, being vertical, and the centre 
being the highest point in it, to find a point in the arch, to which 
if two chords be drawn, they shall be described in equal times, by 
a heavy body falling from rest down the upper chord, and enter- 
ing upon the lower with the velocity thus acquired. 

100. One of the two semi-diameters, which bound the 
quadrant of a given vertical circle, being vertical, and the centre 
being the highest point in it, a heavy body shall be longer in 
falling from rest down the chord of the whole arch of the 
quadrant, than in falling down two chords drawn from its ex- 
tremities to any given point of the arch ; the body being sup- 
posed to enter on the lower chord with the whole of the velocity 
acquired in falling down the upper. 

101. If a heavy body is to pass to a given point on the 
ground, by falling from a given point above it, down an inclined 
plane, and then movipg on, with that part of its acquired velocity, 
which is not destroyed, by going from the one plane to the other, 
to find the position of the inclined plane, so that the whole time 
of the motion shall be a minimum. 

102. If two spheres, the weights of which are W, w, and 
their diameters D, d, shot in a vertical direction into a bank of 
clay, penetrate to the depths H, h; to determine the ratio of the 
velocities of impact. 

103. If a weight W, suspended from the lowest block of a 
system of 2n pullies, where the same string passes round all 
the pullies, and the parts of it between the pullies are parallel, 
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raise a weight X hung at the end of (he string, the quantity of 
motion generated in X, in a given time, shall be a maximum, when 
A' : W :: ^2 n-j- I — 1 : 4 

104. If a square, the plane of which is horizontal, and which 
has a circle inscribed in it, be moveable about one of its sides, 
to 6nd three points in the circumference of the circle, at ^ven 
distances from each other, from which if three equal weights be 
suspended, they shall exert the greatest force to turn the square 
about its axis of motion. 

105. If a body begin to move along a given inclined plane, 
acted upon by a given centripetal force, tending to a given point 
below the plane, and varying as the distance from that point, to 
And how far, and how long, the body will move along the plane. 

106 . To find the nature of a curve, down which if a heavy 
body fall, the perpendicular pressure against the curve shall vary 
as the curve’s vertical ordinate ; the tangent of the curve being 
perpendicular to its base, at the beginning of the motion. 

107 - lind the nature of a curve, which shall be every 
where pressed with an equal centrifugal force, by a heavy body 
falling down it. 

108. Of all parabolic arcs, in the same vertical plane, having 
a common vertex, and. a common horizontal axis, to find that, 
along which if a heavy body begin to fall from rest, at the com- 
mon vertex, it shall soonest reach a given straight line cutting all 
the parabolas. 

109 . If a body be projected, with a given velocity, from a 
given point, along an horizontal plane, in a given medium, 
where the resistance varies as the square of the velocity, to find 
its velocity, after it hits described a given space, and the time in 
which the given space will have been described. 

110. If a body be supposed to he projected with an infinitely 
great velocity, along an horizontal plane, in a given medium, 
where the resistance is varied as the square of the velocity, to find 
its velocity after it has describe<l a given finite space. 
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111. If two heav 3 r bodies be projected, at the sattie inshUrt, 
with given velocities, .from two given points of the Same verficid 
straight line, the higher body downwards, the lower upwards, to 
find the place where they will meet, in a given medium, where 
the resistance is varied as the square of the velocity. 

113. To find the velocity with which a heavy body must be 
projected directly downwards, in a medium where the resistance 
is proportional to the square of the velocity, so that its velocity 
may, at every point of its descent, be equal to the velocity of 
projection. 

113. If in a medium, where the resistance varies as the 
square of the velocity, a heavy body fall, from rest, for an indefi- 
nite time, to find the greatest velocity, which it can acquire. 

lid. If a given triangle, suspended from its base, vibrate 
flatways in a medium, where the resistance is varied as the 
square of the velocity, to compare the resistances on any two 
lines in it, drawn parallel to the base, and terminated by the 
sides. 

115. If an hyperbola, suspended from one of its assymp- 
totes, vibrate flatways in a resisting medium, to compare the 
resistances on any two ordinates drawn to the other asymptote, 
first, when the resistance varies as the velocity ; secondly, when 
it varies as the square of the velocity. 

1 1 6 . If a parabola, suspended from its base, vibrate flatways 
in a medium, where the resistance is varied as the n*** power 
of the distance, to find the ordinate which suffers the greatest 
resistance. 

117 . Each of the two persons, A and B, being supposed to 
throw a stone of given weight, with his utmost strength, from the 
top of a tower, of given height, in an horizontal direction, and 
the distances from the foot of the tower, at which the stones 
Strike the ground plane, being measured, to find the ratio of the 
strength of A to the strength of B. 

118. If two given heavy bodies be projected at the same 
instant, from the .same point, and in tlu- same direction, but with 
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different given velocities, to find the greatest height, to which 
their centre of gravity will ascend. 

• 119 - If two heavy bodies be projected towards each other, 
at the same instant, from two ^ven points, so as to describe the 
same parabola, to find the point in which they will meet. 

120. The length of an inclined plane being given, to find 
its inclination to the horizon, so that a body being projected up 
it with a given velocity, the range of the parabola described, after 
the body leaves the plane, may be a maximum. 

121. If a heavy body fall down the curve of a semi-cycloid, 
of which the plane and the axis are vertical, to compare the times 
of its describing the two parts into which any given point divides 
the whole curve. 

122. If the arc of a cycloid be divided into four equal parts, 
the time of a pendulum’s motion through the first quarter, shall 
be equal to one-third of the whole time of oscillation. 

123. If from any point M, in a semi-cycloid AMV, of which 
V is the vertex, a normal be drawn to the curve meeting 
the base in A, the time in which a heavy body falls down the 
curve from A to M, shall vary as A A. 

124. If, from the ends of the chord of a given cycloidal arc, 
terminated one way at an extremity of the base, two straight lines 
be drawn, the one from the lower extremity a normal to the curve, 
and the other perpendicular to that normal, this perpendicular 
shall be to the chord, as the time in which a heavy body falls down 
the curve, is to the time in which it falls down the chord. 

125. To determine an arch of a given vertical cycloid, having 
its base horizontal, through which, if a heavy body fall from the 
extremity of the base, the time of its motion shall be in a given 
ratio to the time of its falling down the chord of the arch : and 
to assign the limits of inequality in the given ratio. 

126 . If a heavy body fall down the curve of a serai-cycloid, 
having its plane and its axis vertical, to find the point in which 
the perpendicular pressure against the curve, is the greatest. 

127 . If a string of given length, and having its tw'o extremi- 
lios fixt to two points in the same horizontal line, be stretched 
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by a heavy ring, of inconsiderable magnitude, hanging on its 
middle and lowest point, and if the ring be made, by a force 
impressed on it horizontally, to run along the string, to find 
the time in which it will perform a small oscillation. 

128. To find a point in a given finite straight line, through 
which, if an axis be drawn perpendicular to the line, the momen- 
tum of inertia of the line, referred to this axis, shall be one-third 
of the momentum of inertia of the line, referred to a parallel axis 
drawn through the end of the line. 

1 29 . To find the space described, in a given time, by a given 
heavy sphere, rolling down a given inclined plane. 

130. To determine the ratio of the base to the altitude of a 
cone, so that when the cone, vibrates about an axis passing 
through its vertex, its centre of percussion shall be in the centre 
of its base. 

131. If a wire, of indefinite length, and of inconsiderable 
weight, vibrate about an horizontal straight line, to find the place 
of a given heavy cylinder, with the axis of which the wire is made 
to coincide, so that the centre of oscillation may be at a given 
distance (39*2 inches) from the axis of suspension. 

132. A heavy cone, the base of which is given, being suppose 
to make small oscillations about an axis passing through its ver- 
tex, to determine its altitude, $0 that the time of an oscillation 
may be a minimum. 

133. A heavy paraboloid being given, to find a point in its 
axis, through which, if an horizontal wire be made to pass, the 
time of the solid’s oscillation about it, through a small arc, shall 
be a minimum. 

134. If a parallelepiped, of given weight and dimensions, 
hang suspended from an horizontal axis, which bisects its upper- 
most plane, and is at right angles to two of its opposite vertical 
planes, to find the point in which it must be struck, horizontally, 
by a ball equal to it in weight, moving with a given velocity, so 
that half the velocity of the ball shall be communicated to the 
point of impact. 
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135. Two wires of given weight, and of given and equid 
lengths, being supposed to meet at a given angle in the centre of 
a given heavy sphere, to which they are fastened, and their other 
extremities being attached to an horizontal axis, about which the 
.pendulum is moveable, to find the time in which it will perform 

a small oscillation. 

136 . If the axis of a hemisphere, which rests with its vertex 
on an horizontal plane, be moved from its vertical position, 
through a given small angle, and be then suffered to oscillate, to 
compute the time of one of its oscillations. 

137 . If two perfectly hard bodies A and X, moving in oppo* 
site directions with the velocities a, b, meet one another, to find 
Xf so that the quantity of motion communicated to it in the di- 
rection of .4’s motion may be a maximum ; A .a being supposed 
to be greater than X . b. 

138. If A, B be two balls, of given magnitude and elasticity, 
to find an intermediate ball X, such that the velocity communi- 
cated, by impact, from A through X to C, may be equal to the 
velocity communicated from A to C, when A moving with the 
same velocity as before, immediately strikes C. 

139 . If a ball A, of given elasticity, fall from a given point 
in a vertical line, to find a lower point in the same line, from 
which if another equal ball B, of equal elasticity, be let fall, 
A shall meet B in the point to which B ascends, after having 
been reflected n times from the ground plane : to determine, also 
the point in which the bodies will next meet, after their first 
impact. 

1 40. If a heavy and imperfectly elastic ball is projected verti- 
cally, with a given velocity, towards an horizontal and hard plane, 
at which it is reflected, and reaches the point of projection in a 
given time, to find the force of elasticity of the body, and the 
height of the point from which it is projected. 

141. If an imperfectly clastic ball strike a given horizontal 
plane, in a direction making with a vertical line an angle, the co- 
sine of which is the double of its sine, to determine the force of 
elasticity, so that the angle made by the direction of the reflected 
ball with the vertical, may be the double of the former angle. 


Digitized by Google 



APPENDIX. 


m 


142. If 8 perfectly elasUc ball be projected from a given^ 
point, in the circumference of an horizontal circle, along the 
chord of an arch, which is to the whole circumference m is to 
N, it will return to the given point, after n — 1 reflexions at the 
circumference : m and n being prime to each other. 

143. Two indeflnile planes being given, the one parallel to 
the horizon, and the other inclined to it, to find a point in the 
horizontal plane, from which, if a heavy and perfectly elastic ball 
be dropped, it shall be reflected by the inclined plane, so as to 
hit a given mark. 

144. To find the inclination to the horizon of an indefinite 
plane, against a given point of which, if a heavy and perfectly 
elastic ball impinge with a given velocity, it shall be reflected so 
as to pass through another given point in that plane ; the two given 
points being in the same perpendicular to the intersection of the 
inclined plane and the horizon. 

145. To find that chord of a vertical circle, drawn from the 

upper extremity of its vertical diameter, down which if a ball of 
given elasticity descends, and is reflected by an horizontal plane, 
passing through the extremity of the chord, its range on that plane 
shall be a maximum. ' 

146 . If a perfectly elastic body be projected from a given 
point on the ground, at a given angle of elevation to the horizon, 
with a given velocity, to find the point in its trajectory where it 
must be reflected by a vertical plane, perpendicular to the plane 
of the trajectory, $0 as to hit a given mark on the ground : and 
to assign the limitations of the problem. 

147- if the plane and axis of a given parabola be vertical, to 
find a point in the base from which if a heavy and perfectly elastic 
ball be dropped, it shall, after having been reflected by the curve, 
fall at the vertex. 

148. In the direct impact of two bodies A, B, the elasticity 
of which is designated by p, if V be the velocity lost by A, and 
«' the velocity gained by B, the whole loss of vis viva shall be 

expressed by — (A .V* + B 
• 1 + /> 
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, 149* B perfectly elastic ball A impinge directly upon an otlier 

, ball iB, at rest, in a medium, where the resistance varies as the 
square tlie velocity, and if B is reflected by the plane which 
bounds the medium, to And the point in which the two halls will 
meet after impact ; their magnitudes, and the distance of B from 
the side of the medium being given, and gravity being supposed 
not to act upon either of them. < 

1 50. To compute the height, above the bottom of a medium, 
where the resistance varies as the square of the velocity, from 
which a heavy and perfectly elastic body must be let fall, in die 
medium, so that when it has been reflected at the bottom, it may 
rise to a given point. 
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or, a Day's Instinctive Excnrsioii: con- 
sisliiig of the first Elements of Useful 
Kiiowicdee. By L. F. Jauffhet, Author 
of the “Travels of Rolando,” “ Fablra for 
Children,” &c. With five Engravings. 
2s. 6d. 

TliislUIle Work will be read by Children b«h with 
prohl and delight. It is intended to eacite the at- 
teniun of Youth to tin; beauties of tite Creation: 
and under the following heads will be found a va- 
riety of useful and pleasinx information ;—Tho 
Mofninf— The firmament— The Esiitence of God 
proved Dy ilic Wonders of Nature— The Dawn— Sun 
Kise— The Earth— Mountains— Minerals— Vegciab'cs 
—Re-production of Ve|ctsUlcs—Animalj—Qiiadtu- 
peds— Birds— Reptiles— fishes — Insects— The Won- 
ders of the Human Body— The Si|ht— Hearing- 
Smell— Taste— Touch— Hand and Arm— Man in So- 
ciety-Hum m Inventions— Varieties of Languages 
—and of the Human Race— A brief Deicripiioa of 
the Earth — Of Europe -Asia— Africa— America— 
The Clouds and Rain— Winds-The Sea- Rivers— 
Sun Set— Return Home, snd the Family Supper- 
The Evening Walk— Tbe Surs— The Moon— Nighl— 
Sleep. 

BLO.SSOM.S of MORALITY.— 
1 8mo. 3s. 6d. half-bound. 

Geography. 

CLARK’S (the Rev. ’f.) NEW GE- 
NERAL SCHOOL ATLAS; exhibiting 
the'varions Uivixiuns of the World, with 
the chief Empires, Kingdoms, and States, 
in Twenty-eight Maps; carefully corrected 
from the latest and best Authorities. 

Royal 4to, coloured Jt'O 13 0 

. — plain .'•• 0 8 6 

Royal 8vo. coloured O ' 10 6 

— — plain 0 7 0 

A NEW SERIES of MAPS, of all 
the Slates and Kingdoms thronghont the 
World, from the latest and best aiithorities 
of Arrowsmitii and otbera. 6d. earb, 
rolouied.— 1. World. 3. Mercator’s Pro- 
jection of tlic World, 3. Europe. 4. 
Fjiglar.d. 3. Scotland. 6. Ireland. 7. 
France. 8.- Russia.' 9. Spain and Portu- 
gal. 10 . Turkey and Hungary. II. Poland. 
13 . Holland and the Netherlands. 13. 
Sweden and Norway. 14. Denmark, l.l. 
Germany. 16. Switierland. 17. Italy. 
18. Asia. 19. China. ‘30. Hindooslan. 
31 . East Indies. 23. Africa, 23. North 
America. 34. West Indies. 35. South 
America. 36. Canaan and Judea. 37. 
Gnecia Antiqua. 38. Romamim imps. 
tium. 



Elementary Boaks, published by J. Soutbr. 


TWRNTY-UIGHT NKW OUT- 
LINK MAPS, on the same srale as the 
aboTe.and in wdiich therhiefCities, Towns, 
Kivers, Ijikrs, and Mountains, are laid 
down, blit their Namea omitted, 4d. each. 

JUVENILE GEOGRAPHY, nr 
Poetical Gazetter: comprising new and 
interesting Descriptions of many of the 
principal Cities and Towns of the United 
kingdom ; illustrated by many Views. By 
J.Bissett. 3s. Gd. 

CLARK’S TOUR of EUROPE; 
lliistrated with Maps and Engravings; 
price 8s. Abridged fioni the following po- 
pular Works, via. 

SicDond*t Toor in Great Briiain 

L)upin% Excutaiona io England, Scotland, and Ireland 

Curwen'a Lcicrafrum hclaod 

>Iali*i Travela in France 

Tappen’a Tour in ditto 

Mra. Railey’i I our in ditto 

Semple** Journey ihroosh Puitugal and Spam 

Suiithe)** Journey m Spain 

Semple’a berono Journey in Ponugal and S|Min 

Forsyth’a Excursions in Italy 

Oali’n lour in Sicily 

Gall’s Visit to Malta 

Tour in Torkej 

Journal of a IVnir m Holland 


Poland, MuU 


Hcale*t Travela through Geimany, 
davn, and Turkey 
i>r. Tbumsonhil ravels m Sweden 
^ra. Wolftooecfolt^ Letters tron Sweden and 
Norway 

Sir John Carr^ Travels in Denmark 
JaBies*a Travels in Hussta 

Dr. Macmicliael*s Journey from Moscow lo Coo* 
ataniinople 

CLARK’S TOUR of ASIA ; iltns- 
trated with Mapa and Engravings; price 
8s. Abridged from the following popular 
Walks, viz. 

Lord Macartnc)*. gglbisiy to China; fruu SitJ. 

Suunlon and J. Bairow, etq, F.H.S, 

Lord Amheiii's Embau, to China j from Meaan. 

■ Lllil, Abel, sod hPLcod 
8ai row's Voyage to Cochin-China 
MorierS Firal Journey thruugli Persia, Armenia, 
and A.IS Minor, to Oiniianitoople 
Slurirr'r Second Journey through Peraia, Armenia, 
and Asia Minur, to ConsMntinople 
Lieut. Iteude’a Voyage up the reraian Gulph, 
and Journey overland from India to EogUnd 
Lieut. -Col. Filxclarcncc’s Journal of a Route acrotl 
India through Egypt to England 
Capl. M. V. Kolzcbue'a Journey in Peraia 
Lint.-Colonel Johnsonta Journey overland from 
India to England, through Peraia, Georgia, Rtiaala, 
Poland, and Pruaaia 

E.1]rhinatone*a Account of the Kingdom of Caubul 
Capfain J. M. Ktaneirts Jowmey through Asia 
Minor, Armenia, and Koordhian 
Grit's Letters from the Levsni 
Knos's Account of the Island of Ceylcm, and of 
lira Captivity during Iweiyty Years 
Capt. F.BeaufurltfKaramania 
Cuuot Fuibinli Travela in Syria and the Holy Land. 

These Warfcs will enable the Reailer to ac- 
quire, ui u concise fan*, a knoicledgc of all the 
material paints of iitformalinn contained in 
the most esteemed madem Books of f'oyages 
and Tratilt, without those repelitima which 
hare reuderid so many umrks qf great merit 
bite and uninteresting. Price 8s. each, 
buand iu red and lettered. 

History. 

The TRAVELS and ORSERVA- 
TIOSS of HAKKACIi, the WANDER- 
ING JEW; comprchendiiig a View of 


the most diatingaishrd Evgala ia Bie His- 
tory of Mankind, since tire Deelnictioa 
of tlie Temple of Jerusalem by Titos ; with 
a Description of the Manners, Cnstoms, 

I ami remarkable Monuments of the mo<t 
I celrbcaicd Nations; intcispened with 
1 Anecdotes of cmiueut Men, of diftereiit 
1‘Crioils. Embcllulied with Maps and nti- 
I mcroiis Engravings. Ca)llectcd and ar- - 
i imiged by the Rev. T. Ci.AUK. 8s. .Second •*" 
I Edition, revised and improved, witli many 
I valuable Additions. 

*,* This Work alTortls a systematic 
view of the Decline und Kail of Empires, 
the improvement in Morals effected by the 
propagation of the Clirisliaii Religion, and 
the causes which tended to form the dif- 
ferent kingdoms which now constitute the 
European confederacy. 

OOLnSMITH’s ABRIDGMENT 
of the HISTORY of ROME. l?mo. 
With a corrected Map of the Roman Em- 
pire. 8s. 6d. 

I’lVE HUNDRED QUE.STION.S 
dediicerl from the Abridgment of GOLD- 
SMITH’S HISTORY “of ROME. To 
which arc prefixed, a brief Sketch of the 
Roman Polity, and of the principal couati- 
tilted Authorities of the Romans, in the 
most flourishing times of the Common- 
wealth ; a Table of the Roman Kiiiperon, 
of the most celebrated Roman .Authors, 
and an acroiint of their pariicuhir Works. 

By J.<i. Gortoii. Is. 

GOLDSMITH’S ABRIDGMENT 
of the HISTORY of GREECE. Umo. 
With a correct Map of aacient Greece. 

Ss. Gd. 

ElVr; HUNDRED QUESTIONS 
drdnerd from GOLUSMlTH'sHISTURY 
of GREECE, on Uie plan of tlie above. 

By the same Author. Is. 

A KEY to the Questions on Gold- 
smith’s Histories of Greece and Rome. Bj 
the same Author. Is. 

B'riling and Arithmetic. 

AN ANALYSIS OF PENMAN- 
SHIP; or, Naw British Penman. 
Containing Rules and Observations on the 
Formation of each Letter; togetiier with 
a Projection of the Text AI^.Tbct, and 
some fine Sperimens of W riting.- For the 
Use of Schools, and yonng Persons. De- 
dicated loW. Thomson, Esq. W.M. By 
J. Hill, W.M. Master of the Arademy, 
Brentford Butts. Oblong 8vo. balf-boand, 

.As. 

’I’he PROJECTION separate. By 

the same. 4to. Is. 

SOUTER’s COMPLETE SET of 
ARITHMETICAL TABLES. Uii g 
large 8vo. Card, 4d. or So. 6d. per Duien } 
or, large 4to. 6d. or As. per Dozen. 


Eltmrntarif Books, published by J. Sodteb. 


JUVENILE ARITHMETIC: or, 
Child’s Guide to Figures : being an easy 
Intmdiietion to the Arithmetic of real 
LM and Business. By the Kev.J. Joyce. 
rtrt 1. Is. sewed — ('ontaining an Ex- 
j^natiun of the first Four .Simple Rules 
To which are atided, the proper Tables aud 
Questions for Exercise. 

Part II. Is. sewed. — Consisting of 
the Compound Riilta, explained so as to be 
understood by Children of rery tender 
Caparitics : to wliieli are annexed, Tables, 
Qiieslious for Exercise, and the Characters 
used ill Arithmetic. BoUi Parts neatly 
bound together, Ys. (id. 

THE YOUNG LADY’s NEW 
ARITHME'I'ICAL TA RLE-BOOK, with 
tbe Multiplication Table extended to X 4 . 
Price Id. 

The MULTIPLICATION TABLE 

extended up to *4. 6d. coloured. 

The ARITHMETICAL LABY- 
RINTH, or Extended Pence and Shillings 
Table. 4d. plain: fid. coloured. 

1/orai, Religious, ami Instructive, 

AN INTRODUCTION to the 
KNOWLEDGE of the CHRISTIAN 
RELIGION ; in two Parts. To which 
are added. Forms of Prayer, Ac. for seve- 
ral occasioiu. By H. CnossMxN, m.a. 
Rector of Little Bromley, Essex. A new 
edition, is. neatly bound. 

. MILTON’S PARADISE LOST. 

18mo. 3s. fid. 

A PERPETUAL KEY to the AL- 
MANACKS; containing an account of 
the Fiasts, Festivals, Saints’ Days, and 
other Holidays in the Calendar, with an 
explanation of tlie Astronomical and Chro- 
nological Terms. By jAMKsBxNNANTtNE. 
I he whole corrected aud improved, with 
an original Table of the Constellations, 
their Names and Origin, and tlie Number 
aud Magnitude of the Stars which compose 
them, Ac. By John Irving Maxweli., 
of the Inner Temple, xs. fid. bound in 
red. 

The BEAUTIES of the NIGHT 
THOUGHTS, by Edwarr Youno, il d. 
Seieclcd, and arranged under 140 beads, 
by a Member of the Society of Friends. 
Printed in a large and clear type, on fine 
paper. Small 8vo. 3s. 

t’OLLECTS for SUNDAYS and 
the HOLIDAY’S throughout the Year; 
with Forms of Prayer, and the CATE- 
CHI.SM of the Church of England. 4d. ; 
orSs. 4d. per dozen, and 24s. per hundred. 

’I’lie COLLECTS, separately from 

the Catechism, 3d. 

The CATECHISM, separately from 
the Collects, td. i 


General Science. 

FIRST DRAWING-BOOKS, va- 

rious sorts, fid. each. 

I French, Itaiiim, and Latin. 

i PORNEY’s ERENCH SPELL- 
' I NO. 2s. 

; FRENCH GRAMMAR. 

: i?mo. 4s. 

i EXERCISES. 

: ISmo. Vs. fid. 

' PERRIN’S FRENCH FABLES. 

New Edition. *s. fid. 

Eiitcrlaiiiing and Instruc- 
tive FRENCH EXERCISES. NewEdi. 

I tion. 3s. fid. 

i The BOOK of VERSIONS ; or, 

1 Guide to French Translation and Con- 
I struetion. By J. Chirpili.oud, Professor 
of the French Language at the Royal Mi- 
litary College, Sandhurst. Ifmo. 3s. fid. 

This Book it inieoded to facilitate the Tran«lstioa 
Of £o|liih into French, and to aa<»u the Pupih m 
the contiruction of tl>e French Lantoage: il ihould 
be put into hia hands ai aono aa be la acquainted 
With a few of the principal gramnattcal mica, in or* 
der to lead him to itieir application. The ^kot 
Veratona it divided into easy (lortiona or lesaona* 
which aaceod, at to diftculiv, in regular gradation. 
The Notea aecompaDjring each are oonatruaedon the 
ume principle, and fumiwh the Idioma aa welt aa 
(be Frrpoaitionabcloiiging to Verba. In tliia reapeet, 
it It preaumed they will be eaaentially aerriceable, 
by forcing a continual coirpanaon between the pe« 
culiariiiea uf the two Languagea, aa diaplayed m 
(heir mo»t charaacritdc phraaco.ogy. Tne latter 
part of the Book of Veitiont containa tome apeci* 
mena of French Poetry from leading Aulhon, with 
free Tranalaiioni. 

PARTIE FRANCOISE du LIVRE 
de Y'EHSION S, oii Guide a la Traduction 
de I'Anglois cn Francois ; consisting of 
EtiGAKT Extuacis from the best 
French Classics, Ac. 3s. fid. 

NOUVEAU RECUEIL do FA- 
HLlCS, amiisantcs et insiriictives ; avec 
un Index g^ntral et particulier di» Mots, 
ct leiir Signification cn Anglois. Par M. 
ClIATELAIM. Itmo. 2s. fid. 

LETFRES do MADAME dn 
I MONTIER; recueillics par Mad. le 
I PniNCB UB Beaumont, Auteur dn Ma- 
gaiin des Enfans, Ac. Nonvelle Edition, 
Soigneiisement Revue et Corrig^ d'apr^ 
Ics mcilleures Editions de France. l 2 mo. 
4s, 

DICTIONNAIRE des VERBES 
FRANCAIS; or, a Dictionary of French 
Verbs: showing their ditlerent Guvem- 
mrnls and influence on the various parts of 
Sjieceh. To winch is prefixed, a I'abic of 
the 1 1 regular Verbs, aud some Remarks on 
the ’Tenses of the Conjugation and tbe 
Article. By J, C. Tarver, Professor of 
the French Language at tlie Free Gram- 
mar School, Macclesfield, bvo, 7s, fid, 

Le CURE do WAKEFIELD; 
translated into French. By J. M. Voui., 
LAiBB. Neat Pueket Edition. 3s. fid. 



Elanentvy Bookt, pvbUshtd bg J. SouTEit. 


La CHAUVIlERE INDIENNE. 

Par Jacques • BER.N*Hnia • Heaai UB 
SaiaT-PiEaRB. Itliuo. balf-bd. is. 6<1. 

BOTTERALLI’s U POLlD<*RI’s 
ENGLISH, FRENCH, and ITALIAN 
DICTIONARY. S voli. square IJmo. 
21a. 

BRIDAL’S PETITE RHETORI- 
CIAN FRANCAISE. 12mo. 6s. 

GRAMMATICAL JNSTITLTES 
of tbe FRENCH LANGUAGE: or, the 
Governess's French Assistant. By M. i>E 
Rovillon. New Edition, greatly im- j 
proved and enlarged. (/utAe Press.) ^ 

Jtalun. I 

AN ITALLAN AND ENGLISH 1 
GRAMMAR, from Vekcam's Italian and 
French Grammar, sim|ili6cd in twenty | 
Lessons ; with Exercises, Dialogues, and 
entertaining Historical Ancnlotcs. Cor- 
rected and improved by Piranesi, Mem- 
ber of tlie Academy of Rome ; arranged 
in Englisli and Italian, witli Notes, Re- 
marks, and Additions, calculated to tac<>i- 
tatc the study of the Italian Language. By 
M.Guichbmev. Price os. 

A KEY, answering to the French and 
Italian Grammar, as well as the above. By 
tbe same Author. 3s, 

IL FAVOLEGGATORE ITALI- 
ANO ossia Raccolta di Favole Scelte, en 
Prosa. In cni tiittc Ic voci son segnate 
con proprj Accent! per tucilitarnc la Pro- 
imnxia. Ad nso dclle Scunlc, c degli Stii- 
diosi della Italiana Favella. DaL.FAHKE. 
12mo. 3s. 

• La ti». 

INTRODUCTION l« llic WRIT- 
ING of LATIN EXERCISES : conUining 
easy Exercises on all the Declinable, willi 
copiously-arranged Lists of the Indeclin- 
able, Parts of .Speech ; on a Plan which 
cannot possibly fail to secure to the Pupil 
a thorough nnderstanding of the Principles 
of Grammar, by a gradual Development of 
the Rules, in a series of Examples strictly 
appropriate, and piirely classical. Hic 
raoical Latin is interlined tlironghoiit, to 
prevent the necessity of any reference, 
except to the Grammar , ami llie whole so 
varied, that most of the leading Verbs in 
the lainguage are iiitrodnccd under their 
respective Conjugations. Adapted to the | 
Eton Grammar. By James Mitciieil. ' 
New Edition, greatly improved, enlarged. ! 
and corrected Ihroeghoiit, by the Utv. i 
il. C. O'DoNOGIIUe, A..M. Is.hd. 

Moral and F.ntr> tainins . 

MISS and HER DOLL, with cigIK 

colonrcd Plates, is. 

, ill Frciicli, with ditto. Is. 

'Jhe ACCIDEN’I’S of VOUTH; 


comprising Tales of Warning, calculated to 
iiupiess yonng niinds with the sad coiue- 
qneiiees of the many AcridenU which fie- 

J7au<nj.',f31ar3, I’l uicrs, 25, Bartlfolonicw Ov>c. 


queiitly luippen to ChUdren, and tlwreby 
entail misery on themselves and their Pa- 
rents. With many Engravings. 2s. rid. 
plain, and Ss. coloured. 

The WELL-BRED DOLL; calcu- 
lated to amuse and instruct little Girls. 
With ten Copper-plate Engravings. 2s. 6d. 
plain, and 3s. coloured. 

The ROCKING-HORSE, or Trnc 
Things and Sliam Things. Intended for 
the instruction and amusement of little 
Boys. With Engravings, fs. 6d. plain, 
and 3s. coloured. 

The PUZZLE for a CURIOUS 

GIRL; a new and very superior Edition, 
revised, enlarged, and with all the Copper- 
plate Engravings tlie fall size of the page. 
2s. 6d. plain, and 3s, coloured. 

FAMILY SUPPERS; or. Evening 
Tales for young People. By Madame 
1 )ki.aFvye. With sixteen Engravings. 2 
vols. 7s. plain, and 9s. coloured. 

MORE .MINOR .MORALS; or. 

Aunt Eleanor's Stories. Igino. ,5«.6d. bds. 

The SCHOOL FELLOWS: a Mo- 
ral and instriietive Talc for Girls, By Miss 
.Sandham, Author of the “ Twin Sisters," 

“ Bee and Butterfly," &c. Second Edi- 
tion. 4s. boards. 

The BOY’S SCHOOL ; or, Traitsof 
Character in early Life. A Moral Tale; 
by the same. 3s. 

Tlie BEE and the BUITERFLY; 

in which arc delineated those smaller 1 rails 
of Cliaracler which usually escape observa- 
tion. By the ^ame. 2 s. 6d. 

The HISTORY of GOG and MA- 
GOG, the Champion of London. With 
Engravings, ts. 6d. and 2s. coloured. 

Tbe NEW SIXPENCE: to which 
is added, an Aiidkess to mv Brother. 
Is. and IS. 6d. coloured. 

'Tlie RENOWNED HISTORY of 
LIITLE RED RIDING HOOD, in 
Verse ; illustrated with elegant Engravings. 
18. plain, and IS. 6d. coloured. 

QUIZZICAL CHARACTERS, with 

Poetical Descriptions, ls.pl. and 15.6d. col. 

The TYGER’* THEATRE. Is. 
.plain, and is. 6d. colonrcd. 

AUTHENTIC MEMOIRS of llie 
LITTLE MAN and tlic LITTLE MAID ; 
illustrated with Engravings, ts. plain, and 
Is, 6d. coloured plates; and fs. with the 
Music, set by Dr. Calcott. 

The TRAGICAL WANDERINGS 
and ADVENTURES of GRIMALKIN, 
eldest Son of Dame Trofs Cat. With 
Engravings, is. and Is. 6d. coloured. 

ROBINSON CRUSOE, complete in 
one volume; with Plates. 4s. 6d. 

The SCHOOLMASTER’S CATA- 
LOGUE of Elementary Books, in all lan- 
guages, and in every branch of Education , 
with their Prices annexed, is just pub- 
lished, price 15. and may be bad as above. 
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